Primer

Einstein’s Field Equation [8],

1 TG

RMV — QQMVR — C4T’uy. (1)

Weak-field linear approximation as a per-
turbation h,, about a flat background
Minkoskwi metric 7, with IhWI < 1,

9uv = Nuv - h,uu- (2)
Decomposing the spatial part and ex-

panding in terms of the distance of ob-
servation [7],

(3)

expressing leading quadrupole be-

haviour.

Overlapping Gravitational
Waves

Time Domain overlap |6, 10, 11]

h = hy + hs. (4)
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Figure 1: Illustration of two distinct gravitational

wave signals overlapping in time.

Gravitational Lensing

Lensing in Waveforms

hi(©,AL) = hu(©)F(fi A).  (5)
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Figure 2: A comparison of an unlensed gravitational

waveform with a microlensed counterpart.

Amplification Factor, for a lensed signal,

F(fiy) = —if I’z exp{2n frp(x, y)}

(6)
with 74(a,y) representing the time delay
function.
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Inference

For an isolated point-mass lens of redshifted
mass M, we define w = %M;, and,

F(fw,y) =exp Wj | LI; Ilng — 2<I>m(y2)”
X I (1 — Lw) 1F Lw, I; Lwy
2 2 2
(7)
with @,,(y) = 5(zm — y)* —Inxy, and z,, =
b+ VYRt 4
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Figure 4: Posterior probability distributions for the
gravitational lens parameters, M and the impact pa-
rameter y from the parameter estimation of overlap-

ping signals with microlensed signals.

Time Domain Parameter
Estimation

Symmetric Toeplitz form for the Noise Co-
variance Matrix |5], Noise correlation, C;; =
o ((j — 1)),

Autocovariance function p, related to power-
spectral-density S, (f), as

1 Nppp- 2migk
pk) =~ = Sallfil) exp— (13)
Likelihood In £(d |h),

LN-1,5 5\ ~_1/5 3

— —22_7]2:0 (dz — hz> Cz’j (d] — h])
B on FERE Sy JOR

= .2, diC;; h; 5 i d;C;; d; .

SNRjuner SNR;

opt

For gated time-series data, the truncated
noise covariance matrix C;, becomes non-
Toeplitz, complicating likelihood estimation.
The in-painting technique resolves this by
defining a vector x, non-zero only in the
gated region [tg, to + At), by solving the sys-
tem C'x = —C_lng where n, is the gated
NoISe.
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Figure 3: Demonstration of a microlensed waveform template being optimally fitted to a simulated overlapping

signal.

Parameter Estimation

Residual noise, n =d — h, [1]

1
p(n) = N eXP

(det (27 C))
where x* = (d — hld — h).

Bayesian Inference

L(d|NII(A)
, (9)
Z(d)
Likelihood tor Station-
L(]N) =

p(A|d) =

where,
ary (Gaussian noise,

exp (—1(d — h|d — h)).
Noise weighted inner product, |7]
(alby=a'-C 1. b= aZ-CZ-_jlbj, (10)

Frequency domain,

B a*(f)b(f)
A AT

—

Likelihood ratio, A(\),
p(d/h(X), H))
p(d7 %0) ’

and for Gaussian mnoise, A(N)
exp {—(d|h) + L(h|h)}.

Maximised likelihood, over intrinsic pa-

AX) =

rameters, further, w.r.t. overall ampli-

—

tude, p(X) = (d|h(X)), with Signal-to-
noise ratio (SNR), as SNR = | (h|h),

Inspiral-Merger-Ringdown
Consistency Tests

H TTTT I T TTTTTT I T H T TITmT T TTTIar T T T T T

TTTTT
[ LN

I
|
T

100

[ [ L

TD SNRZ,,

LN

|

|

102} — /
- & %.0 0.2 0.4 n . 0.05 0.10

[ LI

Time [SI | - Time [SI
L1 L[] | I [ | 1 [ LU [ LI [ [T [ L]
107 103 10* 10° 10° 107

2z 0.0FF
<

2 o e R T L] i
-

whad 2201 T
Z 2 .
2 .. 2 -os—

w2

]

& —0.0002L [ [1 I I o Y
107 107 10° 10° 107

L L LIl
10°
FD SNR3 FD log.¥

Figure 5: A direct comparison between frequency
and time-domain methods for calculating the opti-

mal SNR and Likelihood. The inset histograms show

that the time-domain is computationally expensive.
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Figure 6: Corner plot comparing the posterior dis-
tributions for intrinsic source parameters estimated

using frequency and time-domain analyses.

Quadratic Modes in
Ringdown

Quadratic modes [4],

Wﬁmn — wflmml —I_ w€2m2n27 (14)
1 1 1

= - , (15)

Tﬁmn T€1m1n1 ngmgng

A€mn X A€1m1n1A€2m2n27 (16)

Dprn = Primin, + Prymon, + const.  (17)
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Figure 7: Representation of Linear and Quadratic

Quasi-Normal Modes in Ringdown waveform.

Ringdown Amplitudes

Non-circular parameterization [2—4|

)

1
¢ NE;
Az (1) = | ,
il7) 1 + exp(—ci'1 + ¢4 “
(18)
1 + ¢ exp(—c57)
i) = e[St
| cf exp(—2c57) (19)

1+ c§ + cf
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Figure 8: Parametric Fits for the Amplitude and
Phase of the Ringdown of the Waveform.
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