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Isolated Black Hole Horizons



Isolated Black Hole Horizons

Black Holes

Event Horizon Telescope Collaboration
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Defining the Horizon



Isolated Black Hole Horizons

Global Picture

Black Hole

For an asymptotically flat
manifold (., g),
B=.#—J (J7%), the
region of spacetime where
light rays cannot escape to '
infinity.

Event Horizon
Boundary, 0.J (£ 1),

smooth null hypersurface.
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Isolated Black Hole Horizons

Null Geodesic Congruence

Span(m, m)
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Isolated Black Hole Horizons

Newman-Penrose Tetrad

Orthonormal, Null tetrad {£, n, m, m}.
Spacetime metric

g=—"4dn—-nl+mxum+mem. (1.1
Induced metrich =g+ £ n+n L.
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Isolated Black Hole Horizons

Encoding the Derivatives

d=(e+e)An+[T—(a+BAm+[r—(a+p)eAm

+EnAm+rnAm+(0—omAm, (1.2a)
dn=(+3EeAn—vEAm—bAm—|r—(a+B)nAm

—[F—(a+B)nAm+ (i—pmAm, (1.2b)
dm=(t+7)lAn—[i+(y—F)EAm+IMAM

+lo—(e—8InAm+onAm+ (a—B)mAm. (1.2¢)
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Isolated Black Hole Horizons

Focusing Light

® = V¥, Decomposition:

e - %9h+cr+cb, (13)
© 0=Ti® = h"V,l, Oe) = 2R, Ony = —2Rp
® 0up = O(ap) — 300 hap O =0, O(n) = —A
(3] a’a[j = @[am (IJ(@) = (\\SQ, (I)(n) = —(\\s,u
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Isolated Black Hole Horizons

Physical Picture

A. Ribes Metidieri. PhD thesis, Nijmegen U., 2025.
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Isolated Black Hole Horizons

Dynamics of Light

Raychaudhuri equation:
1
Vebe) = = 5000 = Ow0™ + D@ = R(L,£). (14)

Shear-free, Twist-free congruence, assuming Null-Energy condition:

df g
— 9( ) < (L5)
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Quasi-Local Framework



Isolated Black Hole Horizons

Trapped Surface

Future trapped surface

Compact cross-section .4, containing two systems
of null geodesics, ¢, n, emerging orthogonally from
A, towards the future which converge locally, such
that they have negative expansions

9(3) <0, 9(n) < 0. (1.6)
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Phys. Rev. Lett. 14, 57.
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Isolated Black Hole Horizons

Quasi-Equilibrium cases

Non-Expanding Horizons (NEH)
Null hypersurface .77, with topology ¢ ~ R x .4, where ./ is a closed submanifold,
such that the expansion of .77, along any null normal £ vanishes identically.

All cross sections .4 of 7 have to be Marginally Outer Trapped Surfaces. Additionally,
null energy condition, T°(¢, £) > 0, for any future-directed null normal £.
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Isolated Black Hole Horizons

Weakly Isolated Horizons

Weakly Isolated Horizon (WIH)

(A, [£]) comprises a weakly isolated horizon (WIH), if .7 is a NEH, and for each null
normal £ in the equivalence class [£], we have

X Low =0, (1.7)
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Isolated Black Hole Horizons

Weakly Isolated Horizons

Lie derivative on the hypersurface:

K Lowp =€ dwyp + dwr(0)],
=L -dwy+ @H(e) =0. (L8)

Using the intrinsic nature of the affine connection, VEL=0Qw w, we have:

[«%”zg, ﬂ ¢=0. (L9)
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Isolated Black Hole Horizons

Isolated Horizons

Isolated Horizon
(A2, [€)) constitutes an Isolated Horizon (IH), given 7 is a NEH, and each null normal £
in [£] satisfies,

X Lo, V| = 0. (110)
a9
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Hole Horizons

Beyond Equilibrium

DH

a Tla
NEH Al

>

DH

A. Ribes Metidieri. PhD thesis, Nijmegen U., 2025.
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Isolated Black Hole Horizons

Characteristic Initial Value

y

Ho: Wy, s

-
m n ¢
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Isolated Black Hole Horizons

Frame Functions

Near-Horizon extension of local null tetrad,

0'V; =D =8, + U0, + X0y, (L11a)
n'V;=A = -6, (L11b)
miV; = 6 = Q0, + £'0,. (L1lc)

Horizon conditions: U = 0, X* =0, Q = 0.
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Isolated Black Hole Horizons

Near-Horizon Framework

Hamiltonian Calculations Initial Data, Gauge Constraints
NEH/WIH, Rotation 1-form, Geodesic Nature

~ -
~ -

Mass M, Surface gravity &

Multipole Moments, Algebraic Weyl properties
Intrinsic Geometry Characterization

Constraints on the Horizon
T

!
L

Newman-Penrose Field equations

Evolution & Constraint Equations
Radial Series Expansion
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Isolated Black Hole Horizons

Spherical Background
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Tidal Deformations



Isolated Black Hole Horizons

Tidal Deformations

Astrophysical objects would deform when they are perturbed by external tidal fields
quantified by the Love numbers.

Rao TISER Pune

natic Nature of Z8lack Holes



Isolated Black Hole Horizons

Newtonian Theory of Deformabilities

® Spherical Newtonian body of mass M and equilibrium radius R.

¢ Embedded in an external gravitational potential, ®ext (t, X)

® Symmetric, and trace-free tidal moments:

1 .
gL(t) = —ma<L>¢)eXt(t7XCOM). (112)

for0 <r<R.
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Isolated Black Hole Horizons

Deformed Gravitational Potential

Multipole moments of the deformed body, for r > R:

In(t) = / dx So(t, R)xD), (L13)
R3

where do(t,X) is the mass density perturbation induced by the applied tidal field.
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Isolated Black Hole Horizons

Total Gravitational Potential

Total Response:

I M (20 — DM nkIp(2)
D(t,X) = _Zg(g_nx Ept) + +Z i pam (114)
=2 (=2
with r = |%|, and i = 1X.
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Isolated Black Hole Horizons

Love Numbers
® Adiabatic approximation, Tidal deformability parameter:
IL(t) = —)\ggL(t), (1.15)
scales as R2+1,

® Dimensionless tidal love numbers:

! —
A = (22(5—1))k R¥HL, (116)

® Potential:

2041
1 + 2k <If> ] Em(t)Yem(€,€).  (L17)
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Isolated Black Hole Horizons

Relativistic Theory of Deformabilities

20
goo = —1+ =+ O(c™), (L18a)
g0 = O(c2), (L18b)
20
gij = 0j <1 + CQ) +0(c™). (L18¢)
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Isolated Black Hole Horizons

Relativistic Correspondence

Gauge-invariant formulation of the perturbed Coulombic potential:

192 _

. 2 c\ -
cli{goc ‘1’2(1’., I’,ﬁ,f) = 2 0r (b(ta I’,f,f)
M1 R\ 26+1 B
——mrs X e (T) | Em®Yin(ed 09
lm
where 7y = %kb
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Isolated Black Hole Horizons

Surficial Love Numbers

® Deformation in Radius:

R(t,,€) = RZE T 1)hmm< )Yem(&,6), (1.20)

where the surficial Love numbers h; are dimensionless.

® Curvature:

DR(,8,8) = g 3 2 i 6Vem (6,8 021
lm
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Isolated Black Hole Horizons

Black Hole Perturbation Theory

Generic Cross-Section metric: R2
2 _
ds? = = dedE. 1.22
PP §d¢ (1.22)
Tidal Perturbation: R
P= Py (1+P), (1.23)

where P is a small perturbation, which we expand up to linear order.
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Isolated Black Hole Horizons

Tidal Perturbations of Isolated Horizons

Perturbed Intrinsic Geometry:

@R = —4RT, = 2 RP + 2RPP Ry (1.24)

where \i/Q — Z&m ]%Z,m}/&m(fa g)
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Teukolsky Equation
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Gravitational Waves
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Gravitational Waves

Golden Era of Black Hole Astronomy

Gravitational-Wave Transient Catalo

10 Years of Detections (2015-2024) of Compact Binary Coalescences with Black Holes and Neutron Stars
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Gravitational Waves

e Vs Planck Insiitute
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https://youtu.be/flvFpFUzEXY

Gravitational Waves

Why Gravitational Waves?

Tests of General Relativity

® Provides direct access to the highly non-linear, strong-field regime of gravity.

® Allows us to observe the dynamical evolution of the spacetime fabric itself.

Astrophysical Implications
® Unveiling the mass and spin distributions of compact object populations to
constrain stellar evolution models.

® Distinguishing between isolated binary evolution and dynamical formation
mechanisms in dense stellar environments.
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Gravitational Waves

Why Gravitational Waves?

Searching for New Physics
® Distinguishing true black holes from exotic compact objects, and studying the
nature of the remnant.

® Testing the Kerr Hypothesis, if the remnant’s multipole moments uniquely match the
Kerr metric via its quasi-normal modes.

® Probing for near-horizon quantum effects and potential theoretical echoes.
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Binary Black Holes
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Gravitational Waves

Linearized Gravity

Perturbations h,,, over a flat background spacetime 7),,,:
g=n+h, |h,| <L (2.1)
In vacuum, applying the transverse-traceless (T'T) gauge (al‘hzg =0, n“”h};z = 0):
Ok, = 0. (2.2)

Physical radiative degrees of freedom are fully encoded in the two transverse
polarization states, A and hy
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Gravitational Waves

Newman-Penrose Connection

In our Newman-Penrose null tetrad, {£, n, m, m}, the outgoing transverse radiation is
isolated in the complex scalar Uy :

Uy = Cppapn’m’nm’ (2.3)
1 /. 1.
250”_”“>_§h (2.4)

Proportional to the second time derivative of the complex gravitational wave strain

h=hy —ihy.

Rao TISER Pune
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Gravitational Waves

Outlook

Fundamental Theory (Horizon Physics)
Testing the Kerr Hypothesis, Black Hole Spectroscopy.

Phenomenology (Waveforms)

Non-linearity, Astrophysical Models: Eccentricity, Spin-precession, Lensing.

Observation (Detectors, Data Analysis)

Confusion Noise, Overlapping Signals, Degeneracy Breaking.
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Overlapping Gravitational Waves
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Gravitational Waves

Analysis Techniques

Parameter Estimation
Bayesian inference:

£(dl6) o< exp | = 3(d = h(6)|d — k()]

loglo Bg =S 1Og10 ZL - loglo ZU,
N—_——

Bayes Factor

Zy = / dOL(d)0, Har)mar (0] Har)-

TISER Pune
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Gravitational Waves

Analysis Techniques

Fitting Factor

Maximizing waveform overlap:

{h1|h2)

M[hl, hg] = max 5 (27)
te,Pe <h1 |h1><h2‘h2>
SNR?
F = max Mh1,ha(V)],  logy BE = (F2 - F2) 5 (2.8)

Nishkal Rao TISER Pune
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Gravitational Waves

Study Overview

® Systematically vary key parameters influencing waveform evolution: Chirp mass
ratio: .4/ #x, SNR ratio: SNRp/SNRy, Coalescence time difference: At,

® Inferences for Unlensed (single waveform), Type II Lensed (Strong Lensing,
n; = 0.5), Microlensed (Isolated point-mass lens), Eccentricity (Aligned spins)
and Spin-Precession.
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Gravitational Waves

Study Details
Individual Case Population Study
o M/ My € {05, 1,2} o My Mx € 0.1, 10]
* SNRp/SNR4 € {0.5, 1} ® SNRp/SNR4 € [0.1, 10]
* At. € [-0.1,0.1]s * At. €[-0.1,0.1]s
Parameter Estimation (for 60 signals). Fitting factor (~ O(5000) signals).

Nishkal Rao TISER Pune
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Gravitational Waves

Type II Lensed Parameter Estimation Inferences
Mp/ My € {0.5,1,2}, SNRs/SNR4 € {0.5,1}, Ate € [~0.1,0.1]s

A : Fixed Morse phase shows distinct Bayes factor differences over the unlensed case.

B,C : Allowing the Morse phase to vary improves lensing characterization.

n; A logy %{' <1 ® log#h>1
R Z
log, Ay A log, ,%’Ilj
' 08 A 10
. 0.10[ A < 10’
107! ‘ .
10-2 A¢0-05 A 6 o
(5)0.0 ) - n 107
0 —0.0 o
. 7Y 0
~1077 0,104 2 2
—102
—107* —1
i —10
—10 —100
A B 5
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Microlensed Parameter Estimation Inferences
Mg /Ma € {0.5,1,2}, SNRs/SNR4 € {0.5,1}, At. € [-0.1,0.1]s
® Microlensed templates yield stronger support for strongly overlapping signals.

® Maximally favored (log,o 5 > 1) for A /.#x 2 1 and equal SNRs, increasing
with |At|.

A logBt<1l @ log#>1
logyy My
]“81033{3
10!
10()

4

107!
1072

—~107*
~10!

1
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Gravitational Waves

Microlensing Parameter Estimation Posteriors
Mp/Ma €{0.5,1,2}, SNRp/SNRa € {0.5,1}, At € [-0.1,0.1]s

¢ Inferred lens parameters (M7,
) show dependencies with
|Atel.

® The inferred redshifted lens
masses lie in the range
M{ ~10%-10° Mg, with
impact parameters y ~ 0.1-3.

Rao
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Gravitational Waves

Microlensing Time Delay

Mp/Ma € {0.5,1,2}, SNRg/SNRa € {0.5,1}, At, € [-0.1,0.1]s

® Inferred time delay of two
superimposed microimages is
close to the injected |At| or
(5 - ‘Ath

® False evidence for
microlensing signatures, the
model produces two
superimposed images whose
time delay can closely match

|Atc|.
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Eccentricity and Spin-Precession
Mp/Ma € {05,1,2}, SNRs/SNRa € {0.5,1}, At € [0.1,0.1]s

eccentricity, eg S 0.1.

10

Probability density
o0

Support for Spin-Precession, X, 2 0.5 and Xeg ~ 0. Minimal inference of orbital
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Ringdown Physics



Gravitational Waves

Quasi-Normal Modes

Perturbed Kerr Black Hole, gravitational wave multipoles:

M .
hy = ihy = —— > ApmnS(8, p)eemntet memn (2.9)

£m,n

Frequency wy ;, n, Damping time 7y, ,, predicted by Linear Perturbation theory, fixed
by final mass, M, and spin, a. Amplitudes and relative phases predicted by numerical
relativity.
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Ringdown Observations

5 8 cxpected value
140)
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1
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LVC Phys. Rev. Lett. 135, 111403.




Eccentricity
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Gravitational Waves

Analytic Representation

* Defining the QNM-rescaled waveform as 1(7) = €71 77%22" (1), where we factor
out the contribution of the fundamental QNM h;(7) ~ e~ 71" with 01 = a3 + iwy,
and ¢q,° being the value of ¢2 at merger.

® Decomposing h(7) = Az (7)€" (") with ¢7 (7) = wiT — d2a(7) + Poys.
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Gravitational Waves

Analytic Representation

1
o A\ F
Ax = +c
A7) (1 + exp(—ciT + ¢4) 4 )

¢ @
(1) = C(f In (1 + cg exp(—c5T) + ¢ exp(—2c§7‘)>

h
1—|—c§)+cjf

B . - mrg d2A7 _ .
0 Ap (T =0) = A" (NR). 0 5 . A22‘t:t0'
dAj, A _
5| _, Apl,_, . o = Aw = w; — MpHway®.
-
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Gravitational Waves

Analytic Representation

From the continuity conditions,

A
o off = E2(AZF)F exp(—c

(from II)

® ¢4\ free parameter

§)(1 + exp(cg))?

® ¢4\ free parameter

A _ mrg c4 o
[ ] C4 = (A22 ) 5 — T})(C?) (from I)

A _ Ay’ cg exp(cgh)—1 vV
[ ] = — + 2

& ASfal a1 exp(cé“)—&—l (fromI )

cflb = MAM (from IV)

Co (03 +2c )

cg free parameter

g’ free parameter

cf free parameter

TISER Pune
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Gravitational Waves

Non-Linearity

Second-Order Perturbation Theory
g=9p + eh) 4+ €2h?) | with linear homogeneous Teukolsky equation for the radiative
Weyl scalar:

Ot =o. (2.10)

Second-order Weyl scalar, driven by a source term S constructed strictly from quadratic
combinations of the first-order perturbations:

(1) & (1
oY =5 [\1;51) o >]. (2.11)
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Gravitational Waves

Quadratic Mode Mixing

wﬁmn - W€1m1n1 + wé2m2n2, (2123.)
1 1 1
= + : (2.12b)
Ttmn T¢1ming Tlaymonsg
Afmn X AflmlnlAkgmgnz- (212C)
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Gravitational Waves

The Exciting Road Ahead

©® Mapping the tidal Love numbers and surficial horizon perturbations Wy directly to
my analytic ringdown observables extracted from .

® Extension of the study of overlapping gravitational wave transients against
eccentricity and spin precession. Demonstrated that nearly equal chirp masses and
comparable loud overlapping transients are degenerate with lensing effects.

® Phenomenological fits for capturing eccentricity in Ringdown, study of non-linear
modes in gravitational wave data.

© Embedding quantum correlations in linearized gravity to uncover the Horizon
structure.
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Isolated Black Hole Horizons



Spin Coefficients

Directional Derivatives: D = (#V,,, A = n#V,, § = m"'V .

Dl = (e +E)f— Rkm — km, (A.la)
Dn =—(e+én+mm+ 7m, (A.Ib)
Dm =7l — kn + (e — €)m, (A.lc)
A= (y+7)€—Tm —T1m, (A.1d)
An = —(y+7)n+vm + vm, (A.le)
Am =vl —T1n+ (v —7)m, (A.1f)
= (a+p)—om—om (A.lg)
én = —(a+ B)n + pm + A, (A.1h)
dm=M—on+ (8 —a)m, (A.Li)
dm =il — on + (a — B)m. (A1)
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Weyl Tensor

o = Cppapltm”em?®, (A.2a)
Uy = Cpaplin’t®m?®, (A.2b)
Uy = Cpapltm”m®n”, (A.2¢)
U3 = Cpapln”mn?, (A.2d)
Uy = Cppapnm’n®mP. (A.2€)
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Curvature Projections
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Radial Field Equations

Ar—Dv=—pu(r+7)—-AX(7T+7)—7(y—7) +v(Be+€) — V3 — Dy, (A.4a)
AB—by=~(@+B—7)—pur+ov+ev+B(y—7—pu) —ar— &, (A.4b)
Aa—by=v(o+e)—A(T+B8)+a(F—pg) +~v(B-7) — ¥, (A.4c)
AN=0v=A(T=-3v—p—p)+vBa+B+r—7)— Ty, (A.4d)
Ap—dv=—p2 - N —p(y+3)+om+v(@+38—71)— ®, (A.4e)
Ap—0r=—pfi—oA+T7(B—a—T)+o(y+7) +ve— ¥y — 24, (A.4f)
Ao — 01 =—po—do+7(T+B—a)+o(3y—7) + kv — Poa, (A4dg)

Ak —Dr=—9o(t +7)—0(T+7m)—7(e—6) +r(By+7) — V1 — Py, (A4h)
Ae—Dy=—a(t+7)—F(T+7)+2ve+ve+ey—T1m+ve — Uy — O3 + A,
(A.4i)
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Appendix

Evolution Field Equations

Do—6k=0"+ o> +0(c+ & — kT + & (1 — 3a — B) + Do, (A.5a)
Do —dk=0(Be—€+0+0) —k(R+7+38+a)+ ¥, (A.5b)
Da —de = a(o+&—2¢) + 5 — Be — kA — Ry + 7 (e + 0) + P10, (A.5¢)
DB —de=c(a+m)+pB(o—¢€) —k(u+7)+e(m—a)+ ¥y, (A.5d)
DX—ém=o +op+7(m+a—pB)—vi+A(E—3e) + Py, (A.5e)
Du—dém=pu+or+n(m—a+p)—pu(e+€) —ve+ ¥gy+2A, (A.5f)
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Angular Field Equations

doa— 088 = po— Ao +al* + (81> =208+ 7 (0 — 2) + e (u— i) — Yo+ @11 + A,

(A.6a)
b0 —d0 =p(a+pB)+o(B—3a)+7(e—2)+r(u—p)— Y1+ o, (A.6b)
SA—dp=v(o—0)+m(p—p)+p(a+B)+A(@—38)— ¥s+ Py. (A.6¢)
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Bianchi Identities I

DUy — 5 — §®g; + APgg = —AUg + 2U; (7 — a) + 30W¥s — 2kU3 — 200 (o + 7)
+20®11 + 5Pga — Poo (i — 27 — 27) — 2719
— 2DA, (A.7a)
SWy — DW3 — §®og + Doy = 20Uy — 37W5 + 2U3 (e — 0) + KWy + 2Po1 (0 — €)
—2u®10 + 27Dy — RPog — Poo (2a — 28 — 7)
— 20A, (A.7b)
ATy — 6Uy 4 By — ADgy = vWqo + 2W (v — p) — 37Wo + 20W3 + 2803 (fi — )
—20P12 — vPgo + 27P11 + Do (7 — 28 + 2a)
+ 26A, (A.7¢)
§Wo — DUy — §®gg + DBy = Vg (4o — ) — 201 (20 + €) + 36W¥s + 2®g; (€ + )
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Bianchi Identities II
+20®19 — 26D11 — AD, (A.7d)
AWy — §U3 + DPoy — §Po; = 200 — 3uWo +2Us (B — 7) + oWy + 209 (T + )
—2u®1; — APog + 27 P19 + oo (0 — 2¢ — 2€)
— 2AA, (A.7e)
DUy — 6U3 — §®yy + Adyy = —3ATy + 2U3 (271 + a) — Uy (de — o) + 2091 (a — 7)
+ 2vP 1o + TPoy — 2AP1; — Py (21 + 27 — 27),

(A.71)
AWy — 00Uy — 0Pgy + DPgo = W (4y — ) — 2V (27 + B) + 30Uy + 2P (T — )
— 2k®19 — ADgg + 20P11 + Do (0 + 2¢ — 28),
AUs — 50y — Adyy + 0Pop = 30Uy — 2U3 (7 + 2u) — Uy (7 — 48) + 2Py (,1 )

—2u®q1 — P9y + 2A P19 + Poo (7‘ — 20 — B

~—

(A.7h)
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Maxwell’s Equations
Field Projections,
1
¢o = F,ttm”, ¢ = §F;w (Fn” +mtm”),  ¢o = Fumfn”, (A.8)

Field Equations,

D¢y — ¢ = ¢o (1 — 2a) + 2001 — Ko + 210y, (A.9a)
O — A1 = ¢2 (1 — 2B) — vo + 21 + 27y, (A.9b)
01 — Ado = o (b — 277) + 27¢1 — o2 + 2w, (A.9¢)
Dgo — 01 = ¢a (0 — 2€) — Ao + 271 + 27T . (A.9d)

Field Tensor, ®,, = 2¢u<l—5u
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Null Hypersurfaces

® First Fundamental Form q is the pull-back of g onto the hypersurface 7
q(u,v) =g(u,v), Y(u,v)ec T, xT,5. (A.10)
® Normal vectors £ to .7 are null and tangent to null geodesics ruling J7:

Vel = /Q(g)f. (A.Ll)
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Weingarten Map

® The Weingarten map x defines the extrinsic curvature by capturing the variation
of the normal £

x(v) = Ve (A12)

® Second Fundamental Form ©:
O (u,v) =u-x(v)=VL(u,v). (A.13)
® Due to degeneracy, ® vanishes along the null direction £:

(C)] (E, ’U) = m(z)v -£=0. (A.14)

Nishkal Rao TISER Pune

tic Natu



Appendix

Cross Section

® A cross section .4/ is a codimension-2 spacelike submanifold. The induced metric
h on ./ is positive definite:

h(u,v) =g(u,v), VY(u,v) € TN X TN . (A.15)
® The tangent space of .# orthogonally decomposes into 7),.#" and its complement:
Tyl =Ty N @ Ty N . (A.16)

® We choose a transverse future-directed null vector 7

£-n=-1, TpLe/V = Span(€,n). (A.17)
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Geodesic Kinematics

® Extending the second fundamental form via projection gives the generalized
deformation tensor ®:

O(u,v) = VL(G(u),q(v)). (A.18)

® The full spacetime covariant derivative of the null normal expands to:
VE=0O +LRw—-VuRL (A.19)
® The rotation 1-form w handles the transverse variation:

w(v) = —n-x(v) = —n- V)t (A.20)
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Cauchy Initial Value Problem

3+1 Decomposition
A is foliated into spacelike Cauchy slices ;. The coordinate time vector decomposes
using the lapse N and shift vector IV:

0 =Nn+ N. (A.21)
The spatial metric g acts as the initial data coordinate system:

ds? = —N2dt? + q;j (dz' + N'dt) (da’ + N7dt) . (A.22)
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Initial Value: Constraints and Evolution

® The extrinsic curvature KK describes the embedding of ¥; in .#:
K=-Vn—DInNQ®n. (A.23)
® Hamiltonian and Momentum constraints restrict initial data on X;:

®R+ K? - K, K" = 167E,
D"Kopy — Do K = 87J,. (A.24)

¢ Evolution of the spatial metric is governed by the Lie derivative:

ENTLq,U,V = _2NK[,I,V' (A25)
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Near Horizon Spin Coefficients
n affinely paramterized, and £, m are parallel propagated along n,
T=v=7v9=0. (A.26)

Commutation Relations,
uw=pn m=aoa+/p. (A.27)

Geodesic, hypersurface-orthogonal and expansion-free nature of £,
k=p0=0, (A.28)
Raychaudhuri’s Equation constrains the shear-free nature,

o =0. (A.29)
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Near Horizon Field Equations

Time evolution equations containing the directional derivative D,

Do — 0k = 0>+ o) + 0 (e + &) — 2ka, (A.30a)
Do — 0k =0 (e+ €+ o+ 0) — 20 + Uy, (A.30b)
Da—ée=a(o+&—2)+ 5 — Be—rA+m(e+0), (A.30c)
DB —de=c(a+m)+p(0—€) —kpu+e(m—a)+ ¥y, (A.30d)
DX — 67 = X (0— 2€) + ou + 27a, (A.30e)
Du—dém=p(o—e—€ +or+2n8+ Vo, (A.301)
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Angular Field Equations

Sa— 08 = po — Ao + |a]? + |82 — 2a8 — Vs, (A.31a)
S0 — b0 = Q7_T+U(B—3a) — Wy, (A.31b)
S\ —6p = pm + X (@ —38) — V3. (A.31c)
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Radial Field Equations (Decoupled)

AT = —um — AT — Vs, (A.32a)
AB = —Bu—al, (A.32b)
Aa = -\ —ap— VY3, (A.32¢)
AN = =2\p — Uy, (A.32d)
Ap = —p? — )2, (A.32€)
Ap=—op— oA — Yy, (A.32)
Ao = —puo — Mo, (A.32g)
Ak = —pm —om — Uy, (A.32h)
Ae = —am — fm — Vg, (A.32i)
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Appendix

Near Horizon Bianchi Identities

Evolution equations,

DUy — 60y = Uy (7 — 4a) +2¥ (20 + €) — 3k Vs, (A.33a)
DUy — 60 = —A\Uy — 20y (1 — ) + 30¥y — 2kV3, (A.33b)
DUz — §Uy = —2\U; + 370y — 2U3 (e — 0) — KTy, (A.33c)
DUy — U3 = —3\Uy + 2U3 (27 + a) — Uy (46 — 0), (A.33d)
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Radial Bianchi Identities

ATy — 6V, = —uly — 260 + 300s, (A.34a)
AW — §Wy = —2uW + 2005, (A.34b)
AUy — 65 = —3uTs + 28T5 + oy, (A.34c)
AWs — 50, = —4uls + 489, (A.34d)

Since no radial derivative component for Wy, given as free data that we provide on the
null hypersurface 72.
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Gravitational Waves



Population Fitting Factor Results: Type II Lensed Template

2.00f
® log;y %5 > 1 in a small 175}
region of the overlapping 150t

parameter space with

My My 2 1 and

Probability density
—
(==}
(=)

® Inferred Morse index 0.75¢
clustering near n; ~ 0.5, 0.50¢
indicative of Type-II lensing, 0.25}

for the cumulative study. 0.00 ‘ ‘
700 0.2 0.4
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Appendix

Population Fitting Factor Results: Microlensed Template

FF optimization shows moderate microlensing support when SNRg/SNRy ~ 1,
consistent with PE trends.

1.4 At 1.75 : 040t SNRg/SNRy
[ <0s ; . [ #1
12 >0s | L0 263— | 0.35¢ 062 | 1 ~1
2317
1 1.25 0.30p -0.42
. 5
1.00 0.25
— 0.20
0.75
0.15}
0.50
| 0.10}
0.2 0.25 — 0.05f —|
0.0le=L"] =] gple=—— 0 ()o_l
: 2 3 1 "% 1 2 3 P50 25 00 25 50
log My Y log,( 2%
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Appendix

Newtonian Effective Potential

- M P
Veff = -+ )
ror
¢ Circular orbits at the global minimum, where %V =0.

* For bound orbits, E' < 0 but larger than the minimum of the potential: elliptical
with r = —2£ <1 + /2L + 1)

® Parabolic for E = 0, Hyperbolic for E > 0.
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Schwarzschild Effective Potential

The additional term is negligible at large radii. Secondary extremum in potential.
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EOB Framework

® Two-body dynamics — One-effective body in deformed spactime, parameter
M mimao
V=%~ M2 -

o ds? = —A,(r)dt? + B,(r)dr® + 7“2d!22.
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EOB Framework

e EOB Hamiltonian H = % — %\/ 1+ 28(Heg — 1). Heg = HG® + Hopinoribe Where

2
Hob = \/A <1+f§+Q> +p2.

~ A 2
® Potential energy £ = M\/l + Zﬁ“(Weff — 1) where Weg = | A(7) (1 + ’;g)

. -
defining stability at 8&“‘ = % =0.
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EOB Parameterization

J

® Mass-normalized energy h = %, and angular momentum j = 7.

e EOB Effective energy Eeff = e“ =1+2

, and impact parameter
beop _ __jh

bEOB = 2% = ——— For bound conﬁgurations with Eeﬁv <1, BEOB = %—}; at
Y% EZ-1 ¢

merger as dynamical impact parameter.
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Quasi-Normal Modes

Exponentially decaying sinusoids given by
. 1 .
hy —ihyx = ; Z eXp(lwfmnt) eXp(_t/T)Sfmn(La B)Zg'rl;:na
Imn

Factoring out Z0" = M Ay, exp(i®pny), we have

Imn

M
hy —ihy = - Z Apmn €xXp(iwemnt + Pomn) exp(—t/7)Semn.-

fmn
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Ringdown Waveform model

Formally, Superposition of damped sinusoids and an exponentially decaying tail term.

o0

hem(®) = Y | A xPli(w it = tret) + B 1+

mn

. T i
Agm exp{l¢gm}(t - tref)plme(t - tgztizlllrt)'
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Effective Characterization

® Non-bijective amplitude dependence on eccentricity. Gauge-invariant
parameterisation, shifting the perspective from orbital-based parameterisations to
dynamics-based ones.

® Effective parameter space of quasi-universality through derived impact parameter
at merger, the effective energy and the perturbation parameter of the metric
(v, brurg» E;nﬂrg) for the global fit.
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Ringdown Structure

® Trom initial (E4PM, JOPM) at time t, (E(t), J(t)), such that
t

t
E(t) = Ef™ — /t dt'E(t'") and J(t) = JOPM — / dt' J(t'), where
0

to
lmax £ lmax £
a1 ) 2 r 1 o~ ] %
E=3" > |humlPand J =237 > mS{umhi,}-
(=2 m=—4 (=2 m=—4

® Merger quantities at ¢y, corresponding to the peak of the emission immediately
before a ringdown begins.
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Analytic Representation

Ar (1) = c‘f‘ tanh(c‘;T + c?) + Cf

or(7) = _qub In (1 + cg exp(—ch) + cff exp(—20§7)>

14 cg + cf
© 4;(r = 0) = AZF (\R) % —Aw-
dAB _ A 7=0 mrg
o 7 o 22‘t:t0' w1 — MpHW,,".

o cy = S v Cg = L7k
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Analytic Representation

From the continuity conditions,
o cff = AbEa, S (from IT, 1T
)

® ¢4t = 2229 (from III)
o ¢4 free pammeter
o ¢t = A% — i tanh(c{) (from I)

Rao

o = ("JlfMBHw;"g)(lJrcngcf) (from IV)
! €2 (03 +2‘34)

° cg = g — o (from IV)
o cg free parameter

o cjf free parameter
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