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Isolated Black Hole Horizons

Black Holes

Event Horizon Telescope Collaboration
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Isolated Black Hole Horizons

Global Picture

Black Hole
For an asymptotically flat
manifold (M , g),
B = M − J−(I +), the
region of spacetime where
light rays cannot escape to
infinity.

Event Horizon
Boundary, ∂J−(I +),
smooth null hypersurface.
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Isolated Black Hole Horizons

Null Geodesic Congruence
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Isolated Black Hole Horizons

Newman-Penrose Tetrad

Orthonormal, Null tetrad {ℓ, n, m, m̄}.
Spacetime metric

g = −ℓ⊗ n− n⊗ ℓ+m⊗ m̄+ m̄⊗m. (1.1)

Induced metric h = g + ℓ⊗ n+ n⊗ ℓ.
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Isolated Black Hole Horizons

Encoding the Derivatives

dℓ = (ϵ+ ϵ̄)ℓ ∧ n+ [τ̄ − (α+ β̄)]ℓ ∧m+ [τ − (ᾱ+ β)]ℓ ∧ m̄

+ κ̄n ∧m+ κn ∧ m̄+ (ϱ̄− ϱ)m ∧ m̄, (1.2a)

dn = (γ + γ̄)ℓ ∧ n− νℓ ∧m− ν̄ℓ ∧ m̄− [π − (α+ β̄)]n ∧m

− [π̄ − (ᾱ+ β)]n ∧ m̄+ (µ̄− µ)m ∧ m̄, (1.2b)

dm = (τ + π̄)ℓ ∧ n− [µ̄+ (γ − γ̄)]ℓ ∧m+ λ̄ℓ ∧ m̄

+ [ϱ− (ϵ− ϵ̄)]n ∧m+ σn ∧ m̄+ (ᾱ− β)m ∧ m̄. (1.2c)
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Isolated Black Hole Horizons

Focusing Light

Θ = ∇ℓ, Decomposition:

Θ =
1

2
θh+ σ + ω̃, (1.3)

1 θ = TrΘ⃗ = hµν∇µℓν θ(ℓ) = 2ℜϱ, θ(n) = −2ℜµ

2 σαβ = Θ(αβ) − 1
2θ(ℓ)hαβ σ(ℓ) = σ, σ(n) = −λ

3 ω̃αβ = Θ[αβ] ω̃(ℓ) = ℑϱ, ω̃(n) = −ℑµ
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Isolated Black Hole Horizons

Physical Picture

θ σ ω̃

A. Ribes Metidieri. PhD thesis, Nijmegen U., 2025.
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Isolated Black Hole Horizons

Dynamics of Light

Raychaudhuri equation:

∇ℓθ(ℓ) = −1

2
θ2(ℓ) − σµνσ

µν + ω̃µν ω̃
µν −R(ℓ, ℓ). (1.4)

Shear-free, Twist-free congruence, assuming Null-Energy condition:

dθ(ℓ)

dλ
+

1

2
θ2(ℓ) ≤ 0, (1.5)
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Isolated Black Hole Horizons

Trapped Surface

Future trapped surface
Compact cross-section N , containing two systems
of null geodesics, ℓ, n, emerging orthogonally from
N , towards the future which converge locally, such
that they have negative expansions

θ(ℓ) < 0, θ(n) < 0. (1.6)

Phys. Rev. Lett. 14, 57.
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Isolated Black Hole Horizons

Quasi-Equilibrium cases

Non-Expanding Horizons (NEH)
Null hypersurface H , with topology H ≃ R× N , where N is a closed submanifold,
such that the expansion of H , along any null normal ℓ vanishes identically.

All cross sections N of H have to be Marginally Outer Trapped Surfaces. Additionally,
null energy condition, T (ℓ, ℓ) ≥ 0, for any future-directed null normal ℓ.
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Isolated Black Hole Horizons

Weakly Isolated Horizons

Weakly Isolated Horizon (WIH)
(H , [ℓ]) comprises a weakly isolated horizon (WIH), if H is a NEH, and for each null
normal ℓ in the equivalence class [ℓ], we have

H LℓωH = 0, (1.7)
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Isolated Black Hole Horizons

Weakly Isolated Horizons

Lie derivative on the hypersurface:

H LℓωH = ℓ · dωH + dωH (ℓ)
∣∣
H

= ℓ · dωH + ∇̂κ(ℓ) = 0. (1.8)

Using the intrinsic nature of the affine connection, ∇̂ℓ = ℓ⊗ ωH , we have:[
H Lℓ, ∇̂

]
ℓ = 0. (1.9)
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Isolated Black Hole Horizons

Isolated Horizons

Isolated Horizon
(H , [ℓ]) constitutes an Isolated Horizon (IH), given H is a NEH, and each null normal ℓ
in [ℓ] satisfies, [

H Lℓ, ∇̂
]
= 0. (1.10)
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Isolated Black Hole Horizons

Beyond Equilibrium

A. Ribes Metidieri. PhD thesis, Nijmegen U., 2025.
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Isolated Black Hole Horizons

Characteristic Initial Value

H0: Ψ4,φ2

H : κ(ℓ),v

N0: µ(0),λ(0),α(0) − β̄(0),π(0),φ
(0)
1

m

ℓnm

ℓn
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Isolated Black Hole Horizons

Frame Functions

Near-Horizon extension of local null tetrad,

ℓi∇i = D = ∂v + U∂r + Xi∂xi , (1.11a)

ni∇i = ∆ = −∂r, (1.11b)

mi∇i = δ = Ω∂r + ξi∂xi . (1.11c)

Horizon conditions: U
.
= 0, Xi .

= 0, Ω
.
= 0.
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Isolated Black Hole Horizons

Near-Horizon Framework

Hamiltonian Calculations
Mass M , Surface gravity κ

Initial Data, Gauge Constraints
NEH/WIH, Rotation 1-form, Geodesic Nature

Multipole Moments, Algebraic Weyl properties
Intrinsic Geometry Characterization

Constraints on the Horizon

Newman-Penrose Field equations
Evolution & Constraint Equations

Radial Series Expansion
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Isolated Black Hole Horizons

Spherical Background

H : κ(ℓ),v

H0: Ψ4,φ2

N0: µ(0),λ(0),

a(0),π(0),φ
(0)
1

ℓ

n

m
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Isolated Black Hole Horizons

Tidal Deformations

Astrophysical objects would deform when they are perturbed by external tidal fields
quantified by the Love numbers.

R

R
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Isolated Black Hole Horizons

Newtonian Theory of Deformabilities

• Spherical Newtonian body of mass M and equilibrium radius R.
• Embedded in an external gravitational potential, Φext(t, x⃗).
• Symmetric, and trace-free tidal moments:

EL(t) = − 1

(ℓ− 2)!
∂⟨L⟩Φext(t, x⃗COM). (1.12)

for 0 ≤ r ≤ R.
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Isolated Black Hole Horizons

Deformed Gravitational Potential

Multipole moments of the deformed body, for r ≥ R:

IL(t) =

∫
R3

d3x δϱ(t, x⃗)x⟨L⟩, (1.13)

where δϱ(t, x⃗) is the mass density perturbation induced by the applied tidal field.
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Isolated Black Hole Horizons

Total Gravitational Potential

Total Response:

Φ(t, x⃗) = −
∞∑
ℓ=2

1

ℓ(ℓ− 1)
xLEL(t) +

M

r
+

∞∑
ℓ=2

(2ℓ− 1)!!

ℓ!

nLIL(t)

rℓ+1
, (1.14)

with r = |⃗x|, and n⃗ = 1
r x⃗.
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Isolated Black Hole Horizons

Love Numbers
• Adiabatic approximation, Tidal deformability parameter:

IL(t) = −λℓEL(t), (1.15)

scales as R2ℓ+1.
• Dimensionless tidal love numbers:

λℓ =
2(ℓ− 2)!

(2ℓ− 1)!!
kℓR

2ℓ+1, (1.16)

• Potential:

Φ(t, r, ξ, ξ̄) =
M

r
−
∑
ℓ,m

1

ℓ(ℓ− 1)
rℓ

[
1 + 2kℓ

(
R

r

)2ℓ+1
]
Eℓ,m(t)Yℓ,m(ξ, ξ̄). (1.17)
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Isolated Black Hole Horizons

Relativistic Theory of Deformabilities

g00 = −1 +
2Φ

c2
+O(c−4), (1.18a)

g0i = O(c−3), (1.18b)

gij = δij

(
1 +

2Φ

c2

)
+O(c−4). (1.18c)
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Isolated Black Hole Horizons

Relativistic Correspondence

Gauge-invariant formulation of the perturbed Coulombic potential:

lim
c→∞

c2Ψ2(t, r, ξ, ξ̄) = −1

2

∂

∂r

2

Φ(t, r, ξ, ξ̄)

= −M

r3
+

1

2

∑
ℓ,m

rℓ−2

[
1 + 2ηℓ

(
R

r

)2ℓ+1
]
Eℓ,m(t)Yℓ,m(ξ, ξ̄) (1.19)

where ηℓ =
(ℓ+1)(ℓ+2)

ℓ(ℓ−1) kℓ.
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Isolated Black Hole Horizons

Surficial Love Numbers

• Deformation in Radius:

R̂(t, ξ, ξ̄) = −R
∑
ℓ,m

1

ℓ(ℓ− 1)
hℓEℓ,m(t)Yℓ,m(ξ, ξ̄), (1.20)

where the surficial Love numbers hℓ are dimensionless.
• Curvature:

(2)R̂(t, ξ, ξ̄) = − 2

R2

∑
ℓ,m

ℓ+ 2

ℓ
hℓEℓ,m(t)Yℓ,m(ξ, ξ̄). (1.21)
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Isolated Black Hole Horizons

Black Hole Perturbation Theory

Generic Cross-Section metric:

ds2
.
=

2R2

|P |2
dξdξ̄. (1.22)

Tidal Perturbation:
P

.
= P[0]

(
1 + P̂

)
, (1.23)

where P̂ is a small perturbation, which we expand up to linear order.
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Isolated Black Hole Horizons

Tidal Perturbations of Isolated Horizons

Perturbed Intrinsic Geometry:

(2)R̂
.
= −4ℜΨ̂2

.
= 2∆[0]ℜP̂ + 2ℜP̂ (2)R[0]. (1.24)

where Ψ̂2
.
=
∑

ℓ,m k̂ℓ,mYℓ,m(ξ, ξ̄).
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Isolated Black Hole Horizons

Teukolsky Equation

A seperable wave equation for the radiative
Weyl scalar, Ψ̂4:

OΨ4

[0] Ψ̂4 = 0, (1.25)

where OΨ4

[0] is a background differential op-
erator.

Teukolsky, Saul A., Astrophysical Journal, Vol. 185.
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Gravitational Waves

Gravitational Wave Observations

LVC Phys. Rev. Lett. 119, 141101.

Nishkal Rao IISER Pune

Enigmatic Nature of Black Holes



Gravitational Waves

Golden Era of Black Hole Astronomy

Ryan Nowicki / Bill Smith / Karan Jani
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Gravitational Waves

Waveform
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Gravitational Waves

Why Gravitational Waves?

Tests of General Relativity

• Provides direct access to the highly non-linear, strong-field regime of gravity.
• Allows us to observe the dynamical evolution of the spacetime fabric itself.

Astrophysical Implications

• Unveiling the mass and spin distributions of compact object populations to
constrain stellar evolution models.

• Distinguishing between isolated binary evolution and dynamical formation
mechanisms in dense stellar environments.

Nishkal Rao IISER Pune

Enigmatic Nature of Black Holes



Gravitational Waves

Why Gravitational Waves?

Searching for New Physics

• Distinguishing true black holes from exotic compact objects, and studying the
nature of the remnant.

• Testing the Kerr Hypothesis, if the remnant’s multipole moments uniquely match the
Kerr metric via its quasi-normal modes.

• Probing for near-horizon quantum effects and potential theoretical echoes.
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Gravitational Waves

Binary Black Holes

gµν

µ

M

Nishkal Rao IISER Pune

Enigmatic Nature of Black Holes



Gravitational Waves

Linearized Gravity

Perturbations hµν over a flat background spacetime ηµν :

g = η + h, |hµν | ≪ 1. (2.1)

In vacuum, applying the transverse-traceless (TT) gauge (∂µhTTµν = 0, ηµνhTTµν = 0):

□h̄TTµν = 0. (2.2)

Physical radiative degrees of freedom are fully encoded in the two transverse
polarization states, h+ and h×
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Gravitational Waves

Newman-Penrose Connection

In our Newman-Penrose null tetrad, {ℓ,n,m, m̄}, the outgoing transverse radiation is
isolated in the complex scalar Ψ4:

Ψ4 = Cµναβn
µm̄νnαm̄β (2.3)

=
1

2

(
ḧ+ − iḧ×

)
=

1

2
ḧ. (2.4)

Proportional to the second time derivative of the complex gravitational wave strain
h = h+ − ih×.
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Gravitational Waves

Outlook

Fundamental Theory (Horizon Physics)
Testing the Kerr Hypothesis, Black Hole Spectroscopy.

Phenomenology (Waveforms)
Non-linearity, Astrophysical Models: Eccentricity, Spin-precession, Lensing.

Observation (Detectors, Data Analysis)
Confusion Noise, Overlapping Signals, Degeneracy Breaking.
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Gravitational Waves

Overlapping Transients
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Gravitational Waves

Degeneracy with Lensing
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Type II Lensed Recovery
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Gravitational Waves

Analysis Techniques

Parameter Estimation
Bayesian inference:

L(d|θ) ∝ exp
[
− 1

2⟨d− h(θ)|d− h(θ)⟩
]

(2.5)

log10 BL
U︸ ︷︷ ︸

Bayes Factor

= log10ZL − log10ZU , ZM =

∫
dθL(d|θ,HM )πM (θ|HM ). (2.6)

Nishkal Rao IISER Pune

Enigmatic Nature of Black Holes



Gravitational Waves

Analysis Techniques

Fitting Factor
Maximizing waveform overlap:

M[h1, h2] = max
tc,Φc

⟨h1|h2⟩√
⟨h1|h1⟩⟨h2|h2⟩

. (2.7)

F = max
λ

M[h1, h2(λ)], log10 BL
U = (F2

L −F2
U )

SNR2

2
. (2.8)
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Gravitational Waves

Study Overview

• Systematically vary key parameters influencing waveform evolution: Chirp mass
ratio: MB/MA, SNR ratio: SNRB/SNRA, Coalescence time difference: ∆tc

• Inferences for Unlensed (single waveform), Type II Lensed (Strong Lensing,
nj = 0.5), Microlensed (Isolated point-mass lens), Eccentricity (Aligned spins)
and Spin-Precession.

Nishkal Rao IISER Pune

Enigmatic Nature of Black Holes



Gravitational Waves

Study Details

Individual Case Population Study

• MB/MA ∈ {0.5, 1, 2}
• SNRB/SNRA ∈ {0.5, 1}
• ∆tc ∈ [−0.1, 0.1] s

• MB/MA ∈ [0.1, 10]

• SNRB/SNRA ∈ [0.1, 10]

• ∆tc ∈ [−0.1, 0.1] s
Parameter Estimation (for 60 signals). Fitting factor (∼ O(5000) signals).
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Gravitational Waves

Type II Lensed Parameter Estimation Inferences
MB/MA ∈ {0.5, 1, 2}, SNRB/SNRA ∈ {0.5, 1}, ∆tc ∈ [−0.1, 0.1]s

A : Fixed Morse phase shows distinct Bayes factor differences over the unlensed case.

B,C : Allowing the Morse phase to vary improves lensing characterization.
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Gravitational Waves

Microlensed Parameter Estimation Inferences
MB/MA ∈ {0.5, 1, 2}, SNRB/SNRA ∈ {0.5, 1}, ∆tc ∈ [−0.1, 0.1]s

• Microlensed templates yield stronger support for strongly overlapping signals.
• Maximally favored (log10 BL

U ≫ 1) for MB/MA ≳ 1 and equal SNRs, increasing
with |∆tc|.
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Gravitational Waves

Microlensing Parameter Estimation Posteriors
MB/MA ∈ {0.5, 1, 2}, SNRB/SNRA ∈ {0.5, 1}, ∆tc ∈ [−0.1, 0.1]s

• Inferred lens parameters (M z
ℓ ,

y) show dependencies with
|∆tc|.

• The inferred redshifted lens
masses lie in the range
M z

L ∼ 102–105 M⊙ with
impact parameters y ∼ 0.1–3.
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Gravitational Waves

Microlensing Time Delay
MB/MA ∈ {0.5, 1, 2}, SNRB/SNRA ∈ {0.5, 1}, ∆tc ∈ [−0.1, 0.1]s

• Inferred time delay of two
superimposed microimages is
close to the injected |∆tc| or
(δ − |∆tc|).

• False evidence for
microlensing signatures, the
model produces two
superimposed images whose
time delay can closely match
|∆tc|.
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Gravitational Waves

Eccentricity and Spin-Precession
MB/MA ∈ {0.5, 1, 2}, SNRB/SNRA ∈ {0.5, 1}, ∆tc ∈ [−0.1, 0.1]s

Support for Spin-Precession, χp ≳ 0.5 and χeff ≈ 0. Minimal inference of orbital
eccentricity, e0 ≲ 0.1.
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Ringdown Physics



Gravitational Waves

Quasi-Normal Modes

Perturbed Kerr Black Hole, gravitational wave multipoles:

h+ − ih× = −M

r

∑
ℓ,m,n

Aℓ,m,nS(θ, φ)e
iωℓ,m,nte−t/τℓ,m,n (2.9)

Frequency ωℓ,m,n, Damping time τℓ,m,n predicted by Linear Perturbation theory, fixed
by final mass, M , and spin, a. Amplitudes and relative phases predicted by numerical
relativity.
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Gravitational Waves

Ringdown Observations

LVC Phys. Rev. Lett. 135, 111403.
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Gravitational Waves

Eccentricity
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Gravitational Waves

Analytic Representation

• Defining the QNM-rescaled waveform as h̄(τ) = eσ1τ+iϕ
mrg
22 h(τ), where we factor

out the contribution of the fundamental QNM h1(τ) ∼ e−σ1τ with σ1 = α1 + iω1,
and ϕ

mrg
22 being the value of ϕ22 at merger.

• Decomposing h̄(τ) ≡ Ah̄(τ)e
iϕh̄(τ) with ϕh̄(τ) = ω1τ − ϕ22(τ) + ϕ

mrg
22 .
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Gravitational Waves

Analytic Representation

Ah̄(τ) =

(
cA1

1 + exp(−cA2 τ + cA3 )
+ cA4

) 1

cA5

ϕh̄(τ) = −cϕ1 ln

(
1 + cϕ3 exp(−cϕ2τ) + cϕ4 exp(−2cϕ2τ)

1 + cϕ3 + cϕ4

)

I Ah̄(τ = 0) = A
mrg
22 (NR).

II
dAh̄
dτ

∣∣∣
τ=0

= Ȧ22

∣∣
t=t0

.

III
d2Ah̄
dτ2

∣∣∣
τ=0

= Ä22

∣∣
t=t0

.

IV
dϕh̄
dτ

∣∣∣
τ=0

= ∆ω = ω1 −MBHω
mrg
22 .
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Gravitational Waves

Analytic Representation

From the continuity conditions,
• cA1 =

cA5 α1

cA2
(A

mrg
22 )c

A
5 exp(−cA3 )(1 + exp(cA3 ))

2

(from II)
• cA2 free parameter
• cA3 free parameter

• cA4 = (A
mrg
22 )c

A
5 − cA1

1+exp(cA3 )
(from I)

• cA5 = − Ä
mrg
22

A
mrg
22 α2

1
+

cA2
α1

exp(cA3 )−1

exp(cA3 )+1
(from IV)

• cϕ1 =
1+cϕ3+cϕ4

cϕ2 (c
ϕ
3+2cϕ4 )

∆ω (from IV)

• cϕ2 free parameter

• cϕ3 free parameter

• cϕ4 free parameter
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Gravitational Waves

Non-Linearity

Second-Order Perturbation Theory
g = g[0] + ϵh(1) + ϵ2h(2), with linear homogeneous Teukolsky equation for the radiative
Weyl scalar:

OΨ4

[0] Ψ̂
(1)
4 = 0. (2.10)

Second-order Weyl scalar, driven by a source term S constructed strictly from quadratic
combinations of the first-order perturbations:

OΨ4

[0] Ψ̂
(2)
4 = S

[
Ψ̂

(1)
4 , Ψ̂

(1)
4

]
. (2.11)
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Gravitational Waves

Quadratic Mode Mixing

ωℓmn = ωℓ1m1n1 + ωℓ2m2n2 , (2.12a)
1

τℓmn
=

1

τℓ1m1n1

+
1

τℓ2m2n2

, (2.12b)

Aℓmn ∝ Aℓ1m1n1Aℓ2m2n2 . (2.12c)
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Gravitational Waves

The Exciting Road Ahead

1 Mapping the tidal Love numbers and surficial horizon perturbations Ψ̂2 directly to
my analytic ringdown observables extracted from Ψ̂4.

2 Extension of the study of overlapping gravitational wave transients against
eccentricity and spin precession. Demonstrated that nearly equal chirp masses and
comparable loud overlapping transients are degenerate with lensing effects.

3 Phenomenological fits for capturing eccentricity in Ringdown, study of non-linear
modes in gravitational wave data.

4 Embedding quantum correlations in linearized gravity to uncover the Horizon
structure.
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Appendix

Spin Coefficients
Directional Derivatives: D = ℓµ∇µ, ∆ = nµ∇µ, δ = mµ∇µ.

Dℓ = (ε+ ε̄)ℓ− κ̄m− κm̄, (A.1a)

Dn = −(ϵ+ ϵ̄)n+ πm+ π̄m̄, (A.1b)

Dm = π̄ℓ− κn+ (ϵ− ϵ̄)m, (A.1c)

∆ℓ = (γ + γ̄)ℓ− τ̄m− τm̄, (A.1d)

∆n = −(γ + γ̄)n+ νm+ ν̄m̄, (A.1e)

∆m = ν̄ℓ− τn+ (γ − γ̄)m, (A.1f)

δℓ = (ᾱ+ β)ℓ− ϱ̄m− σm̄ (A.1g)

δn = −(ᾱ+ β)n+ µm+ λ̄m̄, (A.1h)

δm = λ̄ℓ− σn+ (β − ᾱ)m, (A.1i)

δ̄m = µ̄ℓ− ϱn+ (α− β̄)m. (A.1j)
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Appendix

Weyl Tensor

Ψ0 = Cµναβℓ
µmνℓαmβ, (A.2a)

Ψ1 = Cµναβℓ
inνℓαmβ, (A.2b)

Ψ2 = Cµναβℓ
µmνm̄αnβ, (A.2c)

Ψ3 = Cµναβℓ
inνm̄αnβ, (A.2d)

Ψ4 = Cµναβn
µm̄νnαm̄β. (A.2e)
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Appendix

Curvature Projections

Λ =
R

24
, (A.3a)

Φ00 =
1

2
Rµνℓ

µℓν , (A.3b)

Φ11 =
1

4
Rµν(ℓ

µnν +mµm̄ν), (A.3c)

Φ22 =
1

2
Rµνn

µnν , (A.3d)

Φ01 =
1

2
Rµνℓ

µmν , (A.3e)

Φ10 = Φ̄01 =
1

2
Rµνℓ

µm̄ν , (A.3f)

Φ02 =
1

2
Rµνm

µmν , (A.3g)

Φ20 = Φ̄02 =
1

2
Rµνm̄

µm̄ν , (A.3h)

Φ12 =
1

2
Rµνn

µmν , (A.3i)

Φ21 =
1

2
Rµνn

µm̄ν . (A.3j)
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Appendix

Radial Field Equations

∆π −Dν = −µ (π + τ̄)− λ (π̄ + τ)− π (γ − γ̄) + ν (3ϵ+ ϵ̄)−Ψ3 − Φ21, (A.4a)

∆β − δγ = γ (ᾱ+ β − τ)− µτ + σν + ϵν̄ + β (γ − γ̄ − µ)− αλ̄− Φ12, (A.4b)

∆α− δ̄γ = ν (ϱ+ ϵ)− λ (τ + β) + α (γ̄ − µ̄) + γ
(
β̄ − τ̄

)
−Ψ3, (A.4c)

∆λ− δ̄ν = λ (γ̄ − 3γ − µ− µ̄) + ν
(
3α+ β̄ + π − τ̄

)
−Ψ4, (A.4d)

∆µ− δν = −µ2 − |λ|2 − µ (γ + γ̄) + ν̄π + ν (ᾱ+ 3β − τ)− Φ22, (A.4e)

∆ϱ− δ̄τ = −ϱµ̄− σλ+ τ
(
β̄ − α− τ̄

)
+ ϱ (γ + γ̄) + νκ−Ψ2 − 2Λ, (A.4f)

∆σ − δτ = −µσ − λ̄ϱ+ τ (τ + β − ᾱ) + σ (3γ − γ̄) + κν̄ − Φ02, (A.4g)

∆κ−Dτ = −ϱ (τ + π̄)− σ (τ̄ + π)− τ (ϵ− ϵ̄) + κ (3γ + γ̄)−Ψ1 − Φ01, (A.4h)

∆ϵ−Dγ = −α (τ + π̄)− β (τ̄ + π) + 2γϵ+ γϵ̄+ ϵγ̄ − τπ + νκ−Ψ2 − Φ11 + Λ,
(A.4i)
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Appendix

Evolution Field Equations

Dϱ− δ̄κ = ϱ2 + |σ|2 + ϱ (ϵ+ ϵ̄)− κ̄τ + κ
(
π − 3α− β̄

)
+Φ00, (A.5a)

Dσ − δκ = σ (3ϵ− ϵ̄+ ϱ+ ϱ̄)− κ
(
π̄ + τ + 3β̄ + α

)
+Ψ0, (A.5b)

Dα− δ̄ϵ = α (ϱ+ ϵ̄− 2ϵ) + βσ̄ − β̄ϵ− κλ− κ̄γ + π (ϵ+ ϱ) + Φ10, (A.5c)

Dβ − δϵ = σ (α+ π) + β (ϱ̄− ϵ̄)− κ (µ+ γ) + ϵ (π̄ − ᾱ) + Ψ1, (A.5d)

Dλ− δ̄π = ϱλ+ σ̄µ+ π
(
π + α− β̄

)
− νκ̄+ λ (ϵ̄− 3ϵ) + Φ20, (A.5e)

Dµ− δπ = ϱ̄µ+ σλ+ π (π̄ − ᾱ+ β)− µ (ϵ+ ϵ̄)− νκ+Ψ2 + 2Λ, (A.5f)
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Appendix

Angular Field Equations

δα− δ̄β = µϱ− λσ + |α|2 + |β|2 − 2αβ + γ (ϱ− ϱ̄) + ϵ (µ− µ̄)−Ψ2 +Φ11 + Λ,
(A.6a)

δϱ− δ̄σ = ϱ (ᾱ+ β) + σ
(
β̄ − 3α

)
+ τ (ϱ− ϱ̄) + κ (µ− µ̄)−Ψ1 +Φ01, (A.6b)

δλ− δ̄µ = ν (ϱ− ϱ̄) + π (µ− µ̄) + µ
(
α+ β̄

)
+ λ (ᾱ− 3β)−Ψ3 +Φ21. (A.6c)
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Appendix

Bianchi Identities I

DΨ2 − δ̄Ψ1 − δ̄Φ01 +∆Φ00 = −λΨ0 + 2Ψ1 (π − α) + 3ϱΨ2 − 2κΨ3 − 2Φ01 (α+ τ̄)

+ 2ϱΦ11 + σ̄Φ02 − Φ00 (µ̄− 2γ − 2γ̄)− 2τΦ10

− 2DΛ, (A.7a)

δ̄Ψ2 −DΨ3 − δΦ20 +DΦ21 = 2λΨ1 − 3πΨ2 + 2Ψ3 (ϵ− ϱ) + κΨ4 + 2Φ21 (ϱ̄− ϵ)

− 2µΦ10 + 2πΦ11 − κ̄Φ22 − Φ20 (2ᾱ− 2β − π̄)

− 2δ̄Λ, (A.7b)

∆Ψ1 − δΨ2 + δ̄Φ02 −∆Φ01 = νΨ0 + 2Ψ1 (γ − µ)− 3τΨ2 + 2σΨ3 + 2Φ01 (µ̄− γ)

− 2ϱΦ12 − ν̄Φ00 + 2τΦ11 +Φ02

(
τ̄ − 2β̄ + 2α

)
+ 2δΛ, (A.7c)

δ̄Ψ0 −DΨ1 − δΦ00 +DΦ01 = Ψ0 (4α− π)− 2Ψ1 (2ϱ+ ϵ) + 3κΨ2 + 2Φ01 (ϵ+ ϱ̄)
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Appendix

Bianchi Identities II
+ 2σΦ10 − 2κΦ11 − κ̄Φ02, (A.7d)

∆Ψ2 − δΨ3 +DΦ22 − δΦ21 = 2νΨ1 − 3µΨ2 + 2Ψ3 (β − τ) + σΨ4 + 2Φ21 (π̄ + β)

− 2µΦ11 − λ̄Φ20 + 2πΦ12 +Φ22 (ϱ̄− 2ϵ− 2ϵ̄)

− 2∆Λ, (A.7e)

DΨ4 − δ̄Ψ3 − δ̄Φ21 +∆Φ20 = −3λΨ2 + 2Ψ3 (2π + α)−Ψ4 (4ϵ− ϱ) + 2Φ21 (α− τ̄)

+ 2νΦ10 + σ̄Φ22 − 2λΦ11 − Φ20 (µ̄+ 2γ − 2γ̄) ,
(A.7f)

∆Ψ0 − δΨ1 − δΦ01 +DΦ02 = Ψ0 (4γ − µ)− 2Ψ1 (2τ + β) + 3σΨ2 + 2Φ01 (π̄ − β)

− 2κΦ12 − λ̄Φ00 + 2σΦ11 +Φ02 (ϱ̄+ 2ϵ− 2ϵ̄) , (A.7g)

∆Ψ3 − δΨ4 −∆Φ21 + δ̄Φ22 = 3νΨ2 − 2Ψ3 (γ + 2µ)−Ψ4 (τ − 4β) + 2Φ21 (µ̄+ γ)

− 2νΦ11 − ν̄Φ20 + 2λΦ12 +Φ22

(
τ̄ − 2α− 2β̄

)
,
(A.7h)
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Appendix

Maxwell’s Equations

Field Projections,

ϕ0 = Fµνℓ
µmν , ϕ1 =

1

2
Fµν (ℓ

µnν + m̄µmν) , ϕ2 = Fµνm̄
µnν , (A.8)

Field Equations,

Dϕ1 − δ̄ϕ0 = ϕ0 (π − 2α) + 2ϱϕ1 − κϕ2 + 2πJℓ, (A.9a)

δϕ2 −∆ϕ1 = ϕ2 (τ − 2β)− νϕ0 + 2µϕ1 + 2πJn, (A.9b)

δϕ1 −∆ϕ0 = ϕ0 (µ− 2γ) + 2τϕ1 − σϕ2 + 2πJm, (A.9c)

Dϕ2 − δ̄ϕ1 = ϕ2 (ϱ− 2ϵ)− λϕ0 + 2πϕ1 + 2πJm̄. (A.9d)

Field Tensor, Φµν = 2ϕµϕ̄ν
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Appendix

Null Hypersurfaces

• First Fundamental Form q is the pull-back of g onto the hypersurface H :

q(u,v) = g(u,v), ∀(u,v) ∈ TpH × TpH . (A.10)

• Normal vectors ℓ to H are null and tangent to null geodesics ruling H :

∇ℓℓ = κ(ℓ)ℓ. (A.11)
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Appendix

Weingarten Map

• The Weingarten map χ defines the extrinsic curvature by capturing the variation
of the normal ℓ

χ(v) = ∇vℓ. (A.12)

• Second Fundamental Form Θ:

Θ (u,v) = u · χ(v) = ∇ℓ (u,v) . (A.13)

• Due to degeneracy, Θ vanishes along the null direction ℓ:

Θ (ℓ,v) = κ(ℓ)v · ℓ = 0. (A.14)
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Appendix

Cross Section

• A cross section N is a codimension-2 spacelike submanifold. The induced metric
h on N is positive definite:

h(u,v) = g(u,v), ∀(u,v) ∈ TpN × TpN . (A.15)

• The tangent space of M orthogonally decomposes into TpN and its complement:

TpM = TpN ⊕ T⊥
p N . (A.16)

• We choose a transverse future-directed null vector n:

ℓ · n = −1, T⊥
p N = Span(ℓ,n). (A.17)
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Appendix

Geodesic Kinematics

• Extending the second fundamental form via projection gives the generalized
deformation tensor Θ:

Θ(u,v) = ∇ℓ (q⃗(u), q⃗(v)) . (A.18)

• The full spacetime covariant derivative of the null normal expands to:

∇ℓ = Θ+ ℓ⊗ ω −∇nℓ⊗ ℓ. (A.19)

• The rotation 1-form ω handles the transverse variation:

ω(v) = −n · χ(v) = −n · ∇Π(v)ℓ. (A.20)
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Appendix

Cauchy Initial Value Problem

3+1 Decomposition
M is foliated into spacelike Cauchy slices Σt. The coordinate time vector decomposes
using the lapse N and shift vector N :

∂t = Nn+N . (A.21)

The spatial metric q acts as the initial data coordinate system:

ds2 = −N2dt2 + qij
(
dxi +N idt

) (
dxj +N jdt

)
. (A.22)
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Appendix

Initial Value: Constraints and Evolution

• The extrinsic curvature K describes the embedding of Σt in M :

K = −∇n−D lnN ⊗ n. (A.23)

• Hamiltonian and Momentum constraints restrict initial data on Σt:

(3)R+K2 −KµνK
µν = 16πE,

DµKαµ −DαK = 8πJα. (A.24)

• Evolution of the spatial metric is governed by the Lie derivative:

LNnqµν = −2NKµν . (A.25)
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Appendix

Near Horizon Spin Coefficients

n affinely paramterized, and ℓ, m are parallel propagated along n,

τ = ν = γ = 0. (A.26)

Commutation Relations,
µ = µ̄, π = α+ β̄. (A.27)

Geodesic, hypersurface-orthogonal and expansion-free nature of ℓ,

κ
.
= ϱ

.
= 0, (A.28)

Raychaudhuri’s Equation constrains the shear-free nature,

σ
.
= 0. (A.29)
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Appendix

Near Horizon Field Equations

Time evolution equations containing the directional derivative D,

Dϱ− δ̄κ = ϱ2 + |σ|2 + ϱ (ϵ+ ϵ̄)− 2κα, (A.30a)

Dσ − δκ = σ (ϵ+ ϵ̄+ ϱ+ ϱ̄)− 2κβ +Ψ0, (A.30b)

Dα− δ̄ϵ = α (ϱ+ ϵ̄− 2ϵ) + βσ̄ − β̄ϵ− κλ+ π (ϵ+ ϱ) , (A.30c)

Dβ − δϵ = σ (α+ π) + β (ϱ̄− ϵ̄)− κµ+ ϵ (π̄ − ᾱ) + Ψ1, (A.30d)

Dλ− δ̄π = λ (ϱ− 2ϵ) + σ̄µ+ 2πα, (A.30e)

Dµ− δπ = µ (ϱ̄− ϵ− ϵ̄) + σλ+ 2πβ +Ψ2, (A.30f)
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Appendix

Angular Field Equations

δα− δ̄β = µϱ− λσ + |α|2 + |β|2 − 2αβ −Ψ2, (A.31a)

δϱ− δ̄σ = ϱπ̄ + σ
(
β̄ − 3α

)
−Ψ1, (A.31b)

δλ− δ̄µ = µπ + λ (ᾱ− 3β)−Ψ3. (A.31c)
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Appendix

Radial Field Equations (Decoupled)

∆π = −µπ − λπ̄ −Ψ3, (A.32a)

∆β = −βµ− αλ̄, (A.32b)

∆α = −λβ − αµ−Ψ3, (A.32c)

∆λ = −2λµ−Ψ4, (A.32d)

∆µ = −µ2 − |λ|2, (A.32e)

∆ϱ = −ϱµ− σλ−Ψ2, (A.32f)

∆σ = −µσ − λ̄ϱ, (A.32g)

∆κ = −ϱπ̄ − σπ −Ψ1, (A.32h)

∆ϵ = −απ̄ − βπ −Ψ2, (A.32i)
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Appendix

Near Horizon Bianchi Identities

Evolution equations,

DΨ1 − δ̄Ψ0 = Ψ0 (π − 4α) + 2Ψ1 (2ϱ+ ϵ)− 3κΨ2, (A.33a)

DΨ2 − δ̄Ψ1 = −λΨ0 − 2Ψ1 (π − α) + 3ϱΨ2 − 2κΨ3, (A.33b)

DΨ3 − δ̄Ψ2 = −2λΨ1 + 3πΨ2 − 2Ψ3 (ϵ− ϱ)− κΨ4, (A.33c)

DΨ4 − δ̄Ψ3 = −3λΨ2 + 2Ψ3 (2π + α)−Ψ4 (4ϵ− ϱ) , (A.33d)
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Appendix

Radial Bianchi Identities

∆Ψ0 − δΨ1 = −µΨ0 − 2βΨ1 + 3σΨ2, (A.34a)

∆Ψ1 − δΨ2 = −2µΨ1 + 2σΨ3, (A.34b)

∆Ψ2 − δΨ3 = −3µΨ2 + 2βΨ3 + σΨ4, (A.34c)

∆Ψ3 − δΨ4 = −4µΨ3 + 4βΨ4. (A.34d)

Since no radial derivative component for Ψ4, given as free data that we provide on the
null hypersurface H0.
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Population Fitting Factor Results: Type II Lensed Template

• log10 BL
U > 1 in a small

region of the overlapping
parameter space with
MB/MA ≳ 1 and
|∆tc| ≤ 0.03 s.

• Inferred Morse index
clustering near nj ≃ 0.5,
indicative of Type-II lensing,
for the cumulative study.
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Appendix

Population Fitting Factor Results: Microlensed Template
FF optimization shows moderate microlensing support when SNRB/SNRA ∼ 1,
consistent with PE trends.
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Appendix

Newtonian Effective Potential

Ṽeff = −M

r
+

l̃2

r2

• Circular orbits at the global minimum, where ∂Ṽ
∂r = 0.

• For bound orbits, Ẽ < 0 but larger than the minimum of the potential: elliptical

with r± = −M
2Ẽ

(
1±

√
2Ẽl̃2

M2 + 1

)
.

• Parabolic for Ẽ = 0, Hyperbolic for Ẽ > 0.
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Appendix

Schwarzschild Effective Potential

Ṽeff = −M

r
+

l̃2

r2
− Ml̃2

r3

= −M

r
+

l̃2

2r2

(
1− Rs

r

)
The additional term is negligible at large radii. Secondary extremum in potential.
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Appendix

EOB Framework

• Two-body dynamics → One-effective body in deformed spactime, parameter
ν = µ

M = m1m2
M2 .

• HNewt +
∑

HPN → µ

√
Aν(r)

[
1 + p2

µ2 +
(

1
Bν(r)

− 1
)]

p2r
µ2 .

• ds2 = −Aν(r)dt
2 +Bν(r)dr

2 + r2dΩ2.
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Appendix

EOB Framework

• EOB Hamiltonian Ĥ ≡ H
µ = M

µ

√
1 + 2µ

M (Heff − 1). Heff = Horb
eff +Hspin-oribt where

Horb
eff =

√
A

(
1 +

p2ϕ
r2c

+Q

)
+ p2r∗ .

• Potential energy E = M
√
1 + 2µ

M (Ŵeff − 1) where Ŵeff =

√
A(r)

(
1 +

p2ϕ
r2

)
defining stability at ∂Ŵeff

∂r = ∂2Ŵeff
∂r2

= 0.
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Appendix

EOB Parameterization

• Mass-normalized energy h ≡ E
M , and angular momentum j ≡ J

νM2 .

• EOB Effective energy Êeff = Eeff
µ = 1 + h2−1

2ν , and impact parameter

b̂EOB = bEOB
M = jh√

Ê2
eff−1

. For bound configurations with Êeff < 1, b̂EOB = jh
Eeff

at

merger as dynamical impact parameter.
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Quasi-Normal Modes

Exponentially decaying sinusoids given by

h+ − ih× =
1

r

∑
ℓmn

exp(iωℓmnt) exp(−t/τ)Sℓmn(ι, β)Zout
ℓmn,

Factoring out Zout
ℓmn = MAℓmn exp(iΦℓmn), we have

h+ − ih× =
M

r

∑
ℓmn

Aℓmn exp(iωℓmnt+Φℓmn) exp(−t/τ)Sℓmn.
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Appendix

Ringdown Waveform model

Formally, Superposition of damped sinusoids and an exponentially decaying tail term.

hℓm(t) =

∞∑
ℓ′mn

[
A+

ℓn exp{i(ω+
ℓ′mn(t− tref) + ϕ+

ℓ′mn)}+

A−
ℓ′mn exp{i(ω−

ℓ′mn(t− tref) + ϕ−
ℓ′mn)}

]
θ(t− trefstart)+

AT
ℓm exp{iϕT

ℓm}(t− tref)
pTℓmθ(t− ttailstart).
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Appendix

Effective Characterization

• Non-bijective amplitude dependence on eccentricity. Gauge-invariant
parameterisation, shifting the perspective from orbital-based parameterisations to
dynamics-based ones.

• Effective parameter space of quasi-universality through derived impact parameter
at merger, the effective energy and the perturbation parameter of the metric
(ν, b̂mrg, E

mrg
eff ) for the global fit.

Nishkal Rao IISER Pune

Enigmatic Nature of Black Holes



Appendix

Ringdown Structure

• From initial (EADM
0 , JADM

0 ), at time t, (E(t), J(t)), such that

E(t) = EADM
0 −

∫ t

t0

dt′Ė(t′) and J(t) = JADM
0 −

∫ t

t0

dt′J̇(t′), where

Ė = 1
16π

ℓmax∑
ℓ=2

ℓ∑
m=−ℓ

|ḣℓm|2 and J̇ = 1
16π

ℓmax∑
ℓ=2

ℓ∑
m=−ℓ

mℑ{hℓmḣ∗ℓm}.

• Merger quantities at tmrg corresponding to the peak of the emission immediately
before a ringdown begins.
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Appendix

Analytic Representation

Ah̄(τ) = cA1 tanh(cA2 τ + cA3 ) + cA4

ϕh̄(τ) = −cϕ1 ln

(
1 + cϕ3 exp(−cϕ2τ) + cϕ4 exp(−2cϕ2τ)

1 + cϕ3 + cϕ4

)

I Ah̄(τ = 0) = A
mrg
22 (NR).

II
dAh̄
dτ

∣∣∣
τ=0

= Ȧ22

∣∣
t=t0

.

III cA2 = α2−α1
2 .

IV
dϕh̄
dτ

∣∣∣
τ=0

= ∆ω =

ω1 −MBHω
mrg
22 .

V cϕ2 = α2 − α1.
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Appendix

Analytic Representation

From the continuity conditions,

• cA1 = A
mrg
22 α1

cosh2 cA3
cA2

(from II, III)

• cA2 = α2−α1
2 (from III)

• cA3 free parameter
• cA4 = A

mrg
22 − cA1 tanh(cA3 ) (from I)

• cϕ1 =
(ω1−MBHω

mrg
22 )(1+cϕ3+cϕ4 )

cϕ2 (c
ϕ
3+2cϕ4 )

(from IV)

• cϕ2 = α2 − α1 (from IV)

• cϕ3 free parameter

• cϕ4 free parameter
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