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Newtonian Effective Potential

Newtonian Effective Potential
[Pakiela, Steven, et al., 2024]

Ṽeff = −M

r
+

l̃2

r2

• Circular orbits at the global minimum, where ∂Ṽ
∂r = 0.

• For bound orbits, Ẽ < 0 but larger than the minimum of the potential: elliptical

with r± = −M
2Ẽ

(
1±

√
2Ẽl̃2

M2 + 1

)
.

• Parabolic for Ẽ = 0, Hyperbolic for Ẽ > 0.
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Schwarzschild Effective Potential

Schwarzschild Effective Potential
[Pakiela, Steven, et al., 2024]

Ṽeff = −M

r
+

l̃2

r2
− Ml̃2

r3

= −M

r
+

l̃2

2r2

(
1− Rs

r

)
Additional term negligible at large radii. Secondary extremum in potential.
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Effective One Body Framework
[Buonanno, Alessandra, and Thibault Damour, 1999]

• Two-body dynamics → One-effective body in deformed spactime, parameter
ν = µ

M = m1m2
M2

• Classical E2
real = m2

1 +m2
2 + 2m1m2

(
Eeff
µ

)
formalism

• HNewt +
∑

HPN → µ

√
Aν(r)

[
1 + p2

µ2 +
(

1
Bν(r)

− 1
)]

p2r
µ2

• ds2 = −Aν(r)dt
2 +Bν(r)dr

2 + r2dΩ2
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Effective One Body (EOB) Framework
[Buonanno, Alessandra, and Thibault Damour, 1999]

EOB Hamiltonian Ĥ ≡ H
µ = M

µ

√
1 + 2µ

M (Heff − 1). Heff = Horb
eff +Hspin-oribt where

Horb
eff =

√
A

(
1 +

p2ϕ
r2c

+Q

)
+ p2r∗ .

Potential energy E = M
√

1 + 2µ
M (Ŵeff − 1) where Ŵeff =

√
A(r)

(
1 +

p2ϕ
r2

)
defining

stability at ∂Ŵeff
∂r = ∂2Ŵeff

∂r2
= 0.
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Stability of Orbits

Orbits
[Gamba, Rossella, et al, 2023]

Emin ≡ µĤ(r0, q, pϕ, pr = 0), Emax ≡ µmax
r

Ĥ(r, q, pϕ, pr = 0).

• (Emax, Emin) correspond to unstable and stable circular orbits.

• E0 > Emax Head-on collisions.

• M < E0 ≤ Emax direct plunge, close passages, zoom-whirl.

Qualitative arguments remain unchanged with radiation reaction.
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Evolution of Configurations

Configuration Dynamics
[Gamba, Rossella, et al, 2023]

Ω(t) = φ̇ peaks correspond to Periastron passage

• E0 > Emax Direct capture → Ringdown phase.

• E < Emax Scattering scenario with various encounters.
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Orbital Evolution
[Ori, Amos, and Kip S. Thorne, 2000, Buonanno, Alessandra, and Thibault Damour, 2000]

• The adiabatic inspiral regime, in which the body gradually descends through a
sequence of geodesic orbits with gradually changing constants of the motion. Loss
of energy and angular momentum.

• A transition regime, in which the character of the orbit gradually changes from
inspiral to plunge. Quasi-circular motion, with the ratio of the energy radiated to
angular momentum radiated equal to the orbital angular velocity. Gradually
changing the effective potential for radial geodesic motion.

• A plunge regime, in which the body plunges into the horizon along a geodesic
with (nearly) unchanging energy, angular momentum. The effective potential has
become so steep that its inward force on the body dominates strongly over
radiation reaction.

Nishkal Rao IISER Pune

Non-Circular Encounters in Ringdowns



Overview Effective Potentials Effective One Body Formalism Ringdown References

Ringdown Structure

Ringdown Structure
[Carullo, Gregorio, et al., 2024]

• From initial (EADM
0 , JADM

0 ), at time t, (E(t), J(t)), such that

E(t) = EADM
0 −

∫ t

t0

dt′Ė(t′) and J(t) = JADM
0 −

∫ t

t0

dt′J̇(t′), where

Ė = 1
16π

ℓmax∑
ℓ=2

ℓ∑
m=−ℓ

|ḣℓm|2 and J̇ = 1
16π

ℓmax∑
ℓ=2

ℓ∑
m=−ℓ

mℑ{hℓmḣ∗ℓm}.

• Merger quantities at tmrg corresponding to the peak of the emission immediately
before a ringdown begins.

Nishkal Rao IISER Pune

Non-Circular Encounters in Ringdowns



Overview Effective Potentials Effective One Body Formalism Ringdown References

Ringdown Structure

Quasi-Normal Modes
[Berti, Emanuele, Vitor Cardoso, and Clifford M. Will., 2006]

Perturbed Kerr Black Hole

h+ − ih× = − 2

r4

∫ ∞

−∞

dω

ω2

∑
ℓ,m

Sℓm(ι, β)Rℓmω(r),

Radial Teukolsky function Rℓmω → r3Zout
ℓmn exp(−iωr) as r → ∞ with Zout

ℓmn being a
complex amplitude. Spin-2 Spin-weighted Spheroidal harmonics Sℓm(ι, β).
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Ringdown Structure

Quasi-Normal Modes
[Berti, Emanuele, Vitor Cardoso, and Clifford M. Will., 2006]

Exponentially decaying sinusoids given by

h+ − ih× =
1

r

∑
ℓmn

exp(iωℓmnt) exp(−t/τ)Sℓmn(ι, β)Zout
ℓmn,

Factoring out Zout
ℓmn = MAℓmn exp(iΦℓmn), we have

h+ − ih× =
M

r

∑
ℓmn

Aℓmn exp(iωℓmnt+Φℓmn) exp(−t/τ)Sℓmn.
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Ringdown Waveforms

Ringdown Waveform model
[Carullo, Gregorio., 2024]

Formally, Superposition of damped sinusoids and an exponentially decaying tail term.

hℓm(t) =

∞∑
ℓ′mn

[
A+

ℓn exp{i(ω
+
ℓ′mn(t− tref) + ϕ+

ℓ′mn)}+

A−
ℓ′mn exp{i(ω

−
ℓ′mn(t− tref) + ϕ−

ℓ′mn)}
]
θ(t− trefstart)+

AT
ℓm exp{iϕT

ℓm}(t− tref)
pTℓmθ(t− ttailstart).
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Ringdown Waveforms

Waveform Features
[Carullo, Gregorio., 2024]

• Spherical-spheroidal mode mixing. Results in infinite summation over modes ℓ.

• Co(counter)-rotating modes have ℜ
{
ω±
ℓmn

}
> (<)0.

• Orbital angular momentum alignment, unless extreme intrinsic spins.

• Time-independent tail terms considered. Constant fitting to remove simulation
inaccuracies.

• tref = tmrg, last peak of A22 immediately before a ringdown regime begins.
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Ringdown Waveforms

Earlier Work
[Damour, Thibault, and Alessandro Nagar, 2014]

• Identify the mass MBH and angular momentum JBH of the final black hole using
the prediction of the EOB dynamics or using Numerical Relativity (NR) fitting
formulas.

• Using (MBH, JBH) to compute a set of quasi-normal mode (QNM) frequencies and
to build a linear superposition of QNMs with coefficients determined by imposing
continuity at a certain merger time t = t0 determined from the EOB dynamics.
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Ringdown Waveforms

Analytic Representation
[Damour, Thibault, and Alessandro Nagar, 2014]

• Defining the QNM-rescaled waveform as h̄(τ) = exp(σ1τ + ıϕmrg
22 )h(τ), where we

factor out the contribution of the fundamental QNM h1(τ) ∼ exp(−σ1τ) with
σ1 = α1 + ıω1, and ϕmrg

22 being the value of ϕ22 at merger.

• Decomposing h̄(τ) ≡ Ah̄(τ) exp(ıϕh̄(τ)) with ϕh̄(τ) = ω1τ − ϕ22(τ) + ϕmrg
22 .
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Ringdown Waveforms

Analytic Representation
[Damour, Thibault, and Alessandro Nagar, 2014]

Ah̄(τ) = cA1 tanh(cA2 τ + cA3 ) + cA4

ϕh̄(τ) = −cϕ1 ln

(
1 + cϕ3 exp(−cϕ2τ) + cϕ4 exp(−2cϕ2τ)

1 + cϕ3 + cϕ4

)

I Ah̄(τ = 0) = Amrg
22 (NR).

II
dAh̄
dτ

∣∣∣
τ=0

= Ȧ22

∣∣
t=t0

.

III cA2 = α2−α1
2 .

IV
dϕh̄
dτ

∣∣∣
τ=0

= ∆ω =

ω1 −MBHω
mrg
22 .

V cϕ2 = α2 − α1.
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Ringdown Waveforms

Analytic Representation
[Damour, Thibault, and Alessandro Nagar, 2014]

From the continuity conditions,

• cA1 = Amrg
22 α1

cosh2 cA3
cA2

(from II, III)

• cA2 = α2−α1
2 (from III)

• cA3 free parameter

• cA4 = Amrg
22 − cA1 tanh(cA3 ) (from I)

• cϕ1 =
(ω1−MBHω

mrg
22 )(1+cϕ3+cϕ4 )

cϕ2 (c
ϕ
3+2cϕ4 )

(from IV)

• cϕ2 = α2 − α1 (from IV)

• cϕ3 free parameter

• cϕ4 free parameter
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Eccentricity characterization

EOB Parameterization
[Carullo, Gregorio, et al., 2024]

• Mass-normalized energy h ≡ E
M , and angular momentum j ≡ J

νM2 .

• EOB Effective energy Êeff = Eeff
µ = 1 + h2−1

2ν , and impact parameter

b̂EOB = bEOB
M = jh√

Ê2
eff−1

. For bound configurations with Êeff < 1, b̂EOB = jh
Eeff

at

merger as dynamical impact parameter.
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Eccentricity characterization

Effective Characterization
[Carullo, Gregorio, et al., 2024, Carullo, Gregorio., 2024]

• Non-bijective amplitude dependence on eccentricity. Gauge-invariant
parameterisation, shifting the perspective from orbital-based parameterisations to
dynamics-based ones.

• Effective parameter space of quasi-universality through derived impact parameter
at merger, the effective energy and the perturbation parameter of the metric
(ν, b̂mrg, E

mrg
eff ) for the global fit.

• Unwrapped phases ϕ̂ℓmn −→ ϕ̂ℓmn + 2nπ with n ∈ Z.
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Eccentricity characterization

Impact parameter
[Carullo, Gregorio, et al., 2024, Carullo, Gregorio., 2024]

• Effective dynamics as eccentricity e0 increases results in the merger, and the
periastron radius moves closer to the last stable orbit radius. Smooth blending
into the merger.

• For medium values of e0, a large burst of GWs is emitted on the last periastron
just before the merger, implying a large loss of energy from the system, hence a
reduced merger-ringdown amplitude.

• Initial increase in merger amplitude over the transition since less energy has been
lost in previous encounters and due to an inversion point of the orbit with
maximum emission.
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Global Fit

Extracting Amplitudes and Phases
[Forteza, Xisco Jiménez, et al., 2023, Carullo, Gregorio., 2024]

• Ratios (differences) of amplitudes (phases) to the quasi-circular limit. Eliminates
secondary dependencies, and we obtain factorized (additive) form for the fits.

• Âℓmn −→ Aℓmn

Aqc
ℓmn

and ϕ̂ℓmn −→ 2ϕℓmn −mϕ220 − ϕqc
ℓmn. Additional subtraction of

the mϕ220 factor to eliminate the dependence on the arbitrary phase of the
specific simulation.
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Global Fit

Rational Fit
[Carullo, Gregorio, et al., 2024, Carullo, Gregorio., 2024]

Ỹ =

N∏
i=1

Ỹ0

(
1 + p1,iQi + p2,iQ

2
i

1 + p3,iQi + p4,iQ2
i

)

• We associate the fit for Âℓmn and ϕℓmn based on quasi-circular results.

• (Y0, pk,i) ∈ R with pk,i = bk,i(1 + ck,iX) where X = 1− 4ν and bk,i, ck,i ∈ R for

N = 2. Here, i runs over the N fitting variables, with Qi ∈ {ν, b̂mrg, E
mrg
eff } with

N = 3.
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Analytic Representation

Newer Representation
[Albanesi, Simone, et al., 2023]

Ah̄(τ) =

(
cA1

1 + exp(−cA2 τ + cA3 )
+ cA4

) 1

cA5

ϕh̄(τ) = −cϕ1 ln

(
1 + cϕ3 exp(−cϕ2τ) + cϕ4 exp(−2cϕ2τ)

1 + cϕ3 + cϕ4

)

I Ah̄(τ = 0) = Amrg
22 (NR).

II
dAh̄
dτ

∣∣∣
τ=0

= Ȧ22

∣∣
t=t0

.

III
d2Ah̄
dτ2

∣∣∣
τ=0

= Ä22

∣∣
t=t0

.

IV
dϕh̄
dτ

∣∣∣
τ=0

= ∆ω = ω1 −MBHω
mrg
22 .
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Analytic Representation

Newer Representation
[Albanesi, Simone, et al., 2023]

From the continuity conditions,

• cA1 =
cA5 α1

cA2
(Amrg

22 )c
A
5 exp(−cA3 )(1 + exp(cA3 ))

2

(from II)

• cA2 free parameter

• cA3 free parameter

• cA4 = (Amrg
22 )c

A
5 − cA1

1+exp(cA3 )
(from I)

• cA5 = − Ämrg
22

Amrg
22 α2

1
+

cA2
α1

exp(cA3 )−1

exp(cA3 )+1
(from IV)

• cϕ1 =
1+cϕ3+cϕ4

cϕ2 (c
ϕ
3+2cϕ4 )

∆ω (from IV)

• cϕ2 free parameter

• cϕ3 free parameter

• cϕ4 free parameter
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Forteza, Xisco Jiménez, et al. ”Novel ringdown amplitude-phase consistency test.” Physical
Review Letters 130.2: 021001.

Berti, Emanuele, Vitor Cardoso, and Clifford M. Will. ”Gravitational-wave spectroscopy of
massive black holes with the space interferometer LISA.” Physical Review D—Particles, Fields,
Gravitation, and Cosmology 73.6: 064030.

Nishkal Rao IISER Pune

Non-Circular Encounters in Ringdowns



Thank You!
Questions? Comments?
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