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°

Newtonian Effective Potential

Newtonian Effective Potential
[Pakiela, Steven, et al., 2024]

e Circular orbits at the global minimum, where %V = 0.

* For bound orbits, £ < 0 but larger than the minimum of the potential: elliptical
with r4 = — 2% <1 =i 2El2 + 1)

® Parabolic for E = 0, Hyperbolic for E > 0.
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Schwarzschild Effective Potential

Schwarzschild Effective Potential
[Pakiela, Steven, et al., 2024]

- M 2 M2
V=~ oy —
T T T

Additional term negligible at large radii. Secondary extremum in potential.
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)

Effective One Body Framework

[Buonanno, Alessandra, and Thibault Damour, 1999]

® Two-body dynamics — One-effective body in deformed spactime, parameter
v=fi =

e (Classical E?

real —

m? + m3 + 2mymy (%) formalism

® Hyewt + . Hpn — ,U\/AV(T) [1 + %2 + (ﬁ(r) . 1)} %25

o ds? = —A,(r)dt? + B,(r)dr? + r2d(2?
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oe

Effective One Body (EOB) Framework

[Buonanno, Alessandra, and Thibault Damour, 1999]

EOB Hamiltonian H = % = %\/1 + 2M“(Heff —1). Hes = Hgfrfb + Hgpin-oribt Where
2
HoP = \/A <1 + 7% +Q) +p7,-

~ o 2
Potential energy E = M1/1 + 22 (Weg — 1) where Wegg = (| A(r) ( 1+ 22 ) defining
gy M =

oMg 1 213
stability at agf?ff = % —0.
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Stability of Orbits

Orbits

[Gamba, Rossella, et al, 2023]

Enin = pH (10, 4,94, pr = 0), Einax = pmax H(r,q,ps, py = 0).
® (Enax, Pmin) correspond to unstable and stable circular orbits.
® Fy > Fn.x Head-on collisions.
° M < Ey < Enax direct plunge, close passages, zoom-whirl.

Qualitative arguments remain unchanged with radiation reaction.
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Evolution of Configurations

Configuration Dynamics
[Gamba, Rossella, et al, 2023]

Q(t) = ¢ peaks correspond to Periastron passage
® Iy > FEnax Direct capture — Ringdown phase.

® [} < Enax Scattering scenario with various encounters.
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Orbital Evolution
[Ori, Amos, and Kip S. Thorne, 2000, Buonanno, Alessandra, and Thibault Damour, 2000]
® The adiabatic inspiral regime, in which the body gradually descends through a
sequence of geodesic orbits with gradually changing constants of the motion. Loss
of energy and angular momentum.
® A transition regime, in which the character of the orbit gradually changes from
inspiral to plunge. Quasi-circular motion, with the ratio of the energy radiated to
angular momentum radiated equal to the orbital angular velocity. Gradually
changing the effective potential for radial geodesic motion.
® A plunge regime, in which the body plunges into the horizon along a geodesic
with (nearly) unchanging energy, angular momentum. The effective potential has
become so steep that its inward force on the body dominates strongly over

radiation reaction.
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Ringdown Structure

Ringdown Structure
[Carullo, Gregorio, et al., 2024]

® From initial (EfPM, JAPM) at time ¢, (E(t), J(t)), such that
t t
E(t) = E5PM — / dt'E(t') and J(t) = JOPM — / dt' J(t'), where

to to
émax elnax
=17 D Z lhem|? and J = 152 > Z mS{hen i}
=2 m=—{ =2 m=—¢

® Merger quantities at ¢mg corresponding to the peak of the emission immediately
before a ringdown begins.
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Ringdown Structure

Quasi-Normal Modes
[Berti, Emanuele, Vitor Cardoso, and Clifford M. Will., 2006]

Perturbed Kerr Black Hole

. 2 [ dw
hy —thy = _7‘4/ ﬁ E Sém(h/@)Rme(r)v
=c9 Lm

Radial Teukolsky function Ry, — 322U exp(—iwr) as r — oo with 29t being a
complex amplitude. Spin-2 Spin-weighted Spheroidal harmonics Sy, (¢, 3).
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Ringdown Structure

Quasi-Normal Modes
[Berti, Emanuele, Vitor Cardoso, and Clifford M. Will., 2006]

Exponentially decaying sinusoids given by

1
th - th = ; Z exp(iwfmnt) exp(_t/T)Sfmn(La B)ZZL,;tn,

fmn

Factoring out Z2"* = M Ay exp(i®pmy, ), we have

Imn

M
h+ —ihy = 7 Z Apmn exp(iwgmnt + (@Emn) eXp(—t/T)ngn,

fmn
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Ringdown Waveforms

Ringdown Waveform model
[Carullo, Gregorio., 2024]

Formally, Superposition of damped sinusoids and an exponentially decaying tail term.

o)

hem(t) = Y | A XPLi(Wun (t = tre) + 9Fin) 1+

'mn

A DL (7 Tret) + D7)} 606 — 1)+
A{m eXP{iﬁbgm}(t — tref)Peng(t _ 75tai| )

start

Nishkal Rao IISER Pune

Non-Circular Encounters in Ringdowns



Overview Effective Potentials Effective One Body Formalism Ringdown

Ringdown Waveforms

Waveform Features
[Carullo, Gregorio., 2024]

Spherical-spheroidal mode mixing. Results in infinite summation over modes /.

Co(counter)-rotating modes have R {wfmn} > (<)0.

Orbital angular momentum alignment, unless extreme intrinsic spins.

Time-independent tail terms considered. Constant fitting to remove simulation
inaccuracies.

® tref = tmrg, last peak of Aoy immediately before a ringdown regime begins.
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Ringdown Waveforms

Earlier Work

[Damour, Thibault, and Alessandro Nagar, 2014]

® |dentify the mass Mgy and angular momentum Jgy of the final black hole using
the prediction of the EOB dynamics or using Numerical Relativity (NR) fitting
formulas.

e Using (Mgy, JgH) to compute a set of quasi-normal mode (QNM) frequencies and
to build a linear superposition of QNMs with coefficients determined by imposing
continuity at a certain merger time t = tg determined from the EOB dynamics.
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Ringdown Waveforms

Analytic Representation
[Damour, Thibault, and Alessandro Nagar, 2014]

® Defining the QNM-rescaled waveform as h(7) = exp(o17 + 199y 2)h(T), where we
factor out the contribution of the fundamental QNM hy(7) ~ exp(—o17) with
01 = a1 + w1, and ¢o5° being the value of ¢oo at merger.

® Decomposing h(7) = Aj;(7) exp(1¢;,(7)) with ¢5,(7) = wiT — da2(T) + Poye.
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Ringdown Waveforms

Analytic Representation
[Damour, Thibault, and Alessandro Nagar, 2014]

Ar (1) = c{‘ tanh(c’247 L c3A) I cf

br(7) = - In (1 + cg exp(—ch) + cff exp(—2cg7')>

1+ cg +c
dAg _A T Ir=0 mrg
0 7| =Anl| w1 — MpHwsy®.
(1] 6‘24:70‘250‘1. (V] cg):ag—oq.
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Ringdown Waveforms

Analytic Representation
[Damour, Thibault, and Alessandro Nagar, 2014]

From the continuity conditions,

A (o )+ = M) (1
° 0‘24 = % (from 111) ° cgb = ag — aq (from V)

° cA free parameter ° cg free parameter

* cf = A% — ¢f tanh(cg) (from 1) o ci free parameter
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Eccentricity characterization

EOB Parameterization
[Carullo, Gregorio, et al., 2024]

J

® Mass-normalized energy h = E and angular momentum j = -+

e EOB Effective energy Eor = eff =1+2

21/
— beos _— __jh i ith £ b =4
beog = EOB — \/ﬂ For bound configurations with Eesr < 1, beos = 7 at
€

, and impact parameter

merger as dynamical impact parameter.
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Eccentricity characterization

Effective Characterization
[Carullo, Gregorio, et al., 2024, Carullo, Gregorio., 2024]

® Non-bijective amplitude dependence on eccentricity. Gauge-invariant
parameterisation, shifting the perspective from orbital-based parameterisations to
dynamics-based ones.

e Effective parameter space of quasi-universality through derived impact parameter
at merger, the effective energy and the perturbation parameter of the metric
(¥, brrg, EXH8) for the global fit.

® Unwrapped phases Qggmn — @mn + 2nm with n € Z.
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Eccentricity characterization

Impact parameter
[Carullo, Gregorio, et al., 2024, Carullo, Gregorio., 2024]

e Effective dynamics as eccentricity eg increases results in the merger, and the
periastron radius moves closer to the last stable orbit radius. Smooth blending
into the merger.

® For medium values of eg, a large burst of GWs is emitted on the last periastron
just before the merger, implying a large loss of energy from the system, hence a
reduced merger-ringdown amplitude.

® Initial increase in merger amplitude over the transition since less energy has been
lost in previous encounters and due to an inversion point of the orbit with
maximum emission.
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Global Fit

Extracting Amplitudes and Phases
[Forteza, Xisco Jiménez, et al., 2023, Carullo, Gregorio., 2024]

® Ratios (differences) of amplitudes (phases) to the quasi-circular limit. Eliminates
secondary dependencies, and we obtain factorized (additive) form for the fits.

J Agmn — ﬁf}’c”" and ngmn — 20pmn — MPa2y — ¢£mn Additional subtraction of

the maa9g factor to eliminate the dependence on the arbitrary phase of the
specific simulation.
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Global Fit

Rational Fit
[Carullo, Gregorio, et al., 2024, Carullo, Gregorio., 2024]

v H A <1 + p1,iQ; +p2,in>
14 p3;Q; + paiQ;

® We associate the fit for Agmn and ¢y, based on quasi-circular results.
® (Yo,pr,i) € R with p; = by i(1 + ¢, ;X) where X =1 —4v and by ;,c;; € R for

N = 2. Here, i runs over the N fitting variables, with Q; € {v, Emrg,ngrg} with
N = 3.
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Analytic Representation

Newer Representation
[Albanesi, Simone, et al., 2023]

A
& 6
Ap (1) = L +cf
a(7) <1 +exp(—cir+cf) T *

br(7) = _qub In (1 + cg exp(—ch) - cff exp(—20§7)>

1+ cg + cf
d2A* ..
0 4;(r = 0) = AT (NR). ® TH| = Anliy,
dAs A 7
o G- T A22‘t:t0. ) % . Aw = w1 — Mppwsy®.
.
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Analytic Representation

Newer Representation
[Albanesi, Simone, et al., 2023]

From the continuity conditions,
A
o cft = L9 (ATE)L exp(—c) (1 + exp(cf))?

c3
1
(from 11) o f = 7+i3+c4 Aw (from V)
A C (63+204)
® ¢4 free parameter P
o A ® ¢, free parameter
%' free parameter 7
A ® c; free parameter
° Cf = (Amrg) ﬁ (from I) j)
. P e ¢} free parameter
A A 02 exp(cS)
[ =
5 = ~ ARz T oy axp(ch)T 7 (from 1V)
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Thank You!

Questions? Comments?
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